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Abstract

We prove an explicit integral representation — involving the pullback of a suitable Siegel
Eisenstein series — for the twisted standard L-function associated to a holomorphic vector-
valued Siegel cusp form of degree n and arbitrary level. In contrast to all previously proved
pullback formulas in this situation, our formula involves only scalar-valued functions despite
being applicable to L-functions of vector-valued Siegel cusp forms. The key new ingredient
in our method is a novel choice of local vectors at the archimedean place which allows us to
exactly compute the archimedean local integral.

By specializing our integral representation to the case n = 2 we are able to prove a
reciprocity law — predicted by Deligne’s conjecture — for the critical values of the twisted
standard L-function for vector-valued Siegel cusp forms of degree 2 and arbitrary level. This
arithmetic application generalizes previously proved critical-value results for the full level
case. By specializing further to the case of Siegel cusp forms obtained via the Ramakrishnan—
Shahidi lift, we obtain a reciprocity law for the critical values of the symmetric fourth L-
function of a classical newform.
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1 Introduction

1.1 Critical L-values

The critical values of L-functions attached to cohomological cuspidal automorphic representa-
tions of algebraic groups are objects of deep arithmetic significance. In particular, it is expected
that these values are algebraic numbers up to multiplication by suitable automorphic periods.
This is closely related to a famous conjecture of Deligne [12] on the algebraicity of critical values
of motivic L-functions up to suitable periods (however, it is often a non-trivial problem to relate
the automorphic periods to Deligne’s motivic periods).

The simplest case of algebraicity of critical L-values is the (classical) fact that % is a
rational number for all positive integers n (the Riemann zeta function ((s) being the L-function
associated to the trivial automorphic representation of GLp). In the case of GLg, Shimura
[51, 52, 53, 54] and Manin [34] were the first to study the arithmetic of critical L-values. For
higher rank groups, initial steps were taken by Harris [21] and Sturm [60] in 1981, who considered
automorphic representations of GSp,,, X GL; whose finite part is unramified and whose infinity
type is a holomorphic discrete series representation with scalar minimal K-type. Since then,
there has been considerable work in this area and algebraicity results for L-values of automorphic
representations on various algebraic groups have been proved; the general problem, however,
remains very far from being resolved.

In this paper we revisit the case of the standard L-function on GSp,,, x GL;. As mentioned
earlier, this is the first case outside GLgy that was successfully tackled, with the (independent)
results of Harris and Sturm back in 1981. However, the automorphic representations considered
therein were very special and corresponded, from the classical point of view, to scalar-valued
Siegel cusp forms of full level. Subsequent works on the critical L-values of Siegel cusp forms
by Bocherer [4], Mizumoto [35], Shimura [58], Bécherer—Schmidt [7], Kozima [31], Bouganis [9]
and others strengthened and extended these results in several directions. Nonetheless, a proof
of algebraicity of critical L-values for holomorphic forms on GSpy,, x GL; in full generality has
not yet been achieved, even for n = 2.
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We prove the following result for n = 2, which applies to representations whose finite part
is arbitrary and whose archimedean part can be (almost) any holomorphic discrete series.!

1.1 Theorem. Let ki > ko > 3, k1 = ko (mod 2) be integers. For each cuspidal automorphic
representation m on GSp,(Ag) with T isomorphic to the holomorphic discrete series representa-
tion with highest weight (k1, k2), there exists a real number C () with the following properties.

i) C(w) = C(n') whenever m and ©’ are nearly equivalent.

ii) C(m) = C(m ® (¢ o p)) for any Dirichlet character v. Here u : GSp, — GLj denotes the
standard multiplier map.

iii) Let x be a Dirichlet character satisfying x(—1) = (—1)*2 and r be an integer such that
1 <r<ky—2,r=ko (mod 2). Furthermore, if x*> = 1, we assume that r # 1. Then, for
any finite subset S of places of Q including the archimedean place, and any o € Aut(C),

we have
o < LS(T’WIEX> 05) ) _ LS(T>U7TIZU 7@5) (1)
2mi) G(x)*C(r) ) (2mi)* G(7x)*C(°m)’

and therefore in particular

LS(T’ X X 95)

@r) G20 < AmX)-

Above, G(x) denotes the Gauss sum, L° (s, TXx, g5) denotes the degree 5 L-function (after
omitting the local factors in S) associated to the representation © X x of GSp, x GL1, and
Q(m, x) denotes the (CM) field generated by x and the field of rationality for .

Before going further, we make a few remarks pertaining to the statement above.

1.2 Remark. Note that we can take S = {00}, which gives an algebraicity result for the full
finite part of the global L-function. This is an important point because some previous works on
this topic [7, 55, 58] either omit the bad local L-factors, impose some extra conditions on them,
or define these bad factors in an ad-hoc manner.

1.3 Remark. Our proofs show that C(r) = 72k (F, F') where F equals a certain nearly holo-
morphic modular form of scalar weight ki. Alternatively one can take C(n) = n*1+k2(F, Fy)
where Fy equals a certain holomorphic vector-valued modular form of weight det? sym*1—2.

1.4 Remark. Observe that the L-function L(s,m X x, g5) considered above is not equal to the
L-function L(s,7 ® (x o ), 05). In fact, L(s,mX x, 05) cannot be obtained as the L-function of
an automorphic representation on GSp,(Aq), unless x is trivial.

Classically, Theorem 1.1 applies to vector-valued holomorphic Siegel cusp forms of weight
det”? sym* —*2 with respect to an arbitrary congruence subgroup of Sp4(Q). The only previously
known result for critical L-values of holomorphic Siegel cusp forms in the vector-valued case
(k1 > k) is due to Kozima [31]. Kozima’s result only applies to full-level Siegel cusp forms,

We omit the ones that do not contribute to cohomology, namely those with ki # ks (mod 2).
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omits some low-weight cases, and also only deals with the case x = 1. In contrast, our theorem,
which relies on an adelic machinery to separate out the difficulties place by place, is more general,
especially in that it applies to arbitrary congruence subgroups.

We present an application of Theorem 1.1 to critical values of the symmetric fourth L-
function of elliptic newforms twisted by odd Dirichlet characters.

1.5 Theorem. Let k > 2 be even. For each cuspidal, non-dihedral, automorphic representation
n on PGLy(Aqg) with 1 isomorphic to the holomorphic discrete series representation of lowest
weight k, there exists a real number C(n) with the following properties.

i) C(n) = C(n® 1) for any quadratic Dirichlet character 1.

ii) Let x be an odd Dirichlet character and r be an odd integer such that 1 < r < k — 1.
Furthermore, if x?> = 1, we assume that v # 1. Then, for any finite subset S of places of
Q that includes the archimedean place, and any o € Aut(C), we have

( L5 (r, x ® sym*) ) _ L8(r, % ® sym*(n))
@ri)" G()PCln) ) ~ @ni) G(x)PC(n)

(2)

Our proof of Theorem 1.5 relies on a result of Ramakrishnan and Shahidi [43] which states
that given an elliptic cuspidal newform of even weight and trivial nebentypus, there exists a
holomorphic vector-valued Siegel cusp form of genus 2 such that the degree 5 standard L-
function of the Siegel modular form is equal to the symmetric fourth L-function of the elliptic
newform. This allows us to derive Theorem 1.5 from Theorem 1.1. One of the reasons to
prove Theorem 1.1 with no restrictions on the non-archimedean components is the incomplete
information regarding the congruence subgroup associated to the Siegel modular form in [43].

Theorem 1.1 follows from an explicit integral representation (Theorem 1.6 below) for the
standard L-function L(s,7 X x, 02,+1) on GSp,, X GLj, which may be viewed as the main
technical achievement of this paper. While Theorem 1.6 is formally similar to the well-known
pullback formula (or doubling method) mechanism, what distinguishes it from previous works
is the generality of the setup and the fact that all constants are completely explicit. We remark
here that Theorem 1.6 applies to any n; we restrict to n = 2 only in Section 7 of this paper,
where we prove Theorem 1.1.

In the rest of this introduction we will explain our approach to some of the points mentioned
above.

1.2 Integral representations for GSp,, x GL; and the pullback formula

The first integral representation for the standard (degree 2n + 1) L-function for automorphic
representations of GSp,,, x GL; was discovered by Andrianov and Kalinin [1] in 1978. The
integral representation of Andrianov—Kalinin applied to holomorphic scalar-valued Siegel cusp
forms of even degree n with respect to I'g(IV) type congruence subgroups, and involved a certain
theta series. The results of Harris [21] and Sturm [60] mentioned earlier relied on this integral
representation.

A remarkable new integral representation, commonly referred to as the pullback formula,
was discovered in the early 1980s by Garrett [17] and involved pullbacks of Eisenstein series.
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Roughly speaking, the pullback formula in the simplest form says that

/ F(~77)Ey ({Zl ZQ} , 3> dZy =~ L(2s + k — n, 7, 0on+1)F (Z2), (3)
Span (Z)\Hn

where F' is a Siegel cusp form of degree n and full level that is an eigenform for all the Hecke
operators, Fr(Z,s) is an Eisenstein series of degree 2n and full level (which becomes a holo-
morphic Siegel modular form of weight & when s = 0), L(s, 7, 02n+1) denotes the degree 2n + 1
L-function for 7, and the symbol ~ indicates that we are ignoring some unimportant factors.
The pullback formula was applied by Bocherer [4] to prove various results about the functional
equation and algebraicity of critical L-values that went well beyond what had been possible
by the Andrianov—Kalinin formula. Subsequently, Shimura generalized the pullback formula to
a wide variety of contexts (including other groups). We refer to Shimura’s books [57, 58] for
further details.

In the last two decades, the pullback formula has been used to prove a host of results
related to the arithmetic and analytic properties of L-functions associated to Siegel cusp forms.
However, most of these results involve various kinds of restrictions. To get the most general
results possible, it is necessary to extend (3) to a) incorporate characters, b) include Siegel
cusp forms with respect to arbitrary congruence subgroups, and c) cover the case of wector-
valued Siegel cusp forms. While the first two of these objectives have to a large extent been
achieved for scalar-valued Siegel cusp forms, the situation with vector-valued forms is quite
different. Following the important work of Bocherer-Satoh—Yamazaki [6], there have been a
few results about vector-valued forms by Takei [63], Takayanagi [61, 62], Kozima [31, 32], and
others. However, all these works are valid only for full level Siegel cusp forms and involve strong
restrictions on the archimedean type.?

On the other hand, Piatetski-Shapiro and Rallis [38, 19] discovered a very general identity
(the doubling method) on classical groups. When the group is Sp,,,, this is essentially a gener-
alized, adelic version of the pullback formula described above.? However, Piatetski-Shapiro and
Rallis computed the relevant local integrals only at the unramified places (where they chose the
vectors to be the unramified vector). Thus, to get a more explicit integral representation in the
general case, it is necessary to make specific choices of vectors at the ramified and archimedean
primes such that one can exactly evaluate all the associated local integrals. So far, this has been
carried out in very few situations.

In this paper, we begin by reproving the basic identity of Piatetski-Shapiro and Rallis in a
somewhat different manner that is more convenient for our purposes. Let 7 be a cuspidal auto-
morphic representation of GSp,,,(A) and x a Hecke character. Our central object of investigation
is the global integral

20000 = [ Egs Do dn (4)
Sp2n(F)\9‘SP2n(A)

Here, EX(—, s, f) is an Eisenstein series on GSp,,, (A) associated to a choice of section f € I(x, s),
the pair (h, g) represents an element of GSp,,,(A) corresponding to the diagonal embedding of

2There is also a survey talk by Bocherer (Hakuba, 2012) on the pullback formula for more general vector-valued
forms, but it still restricts to full level and does not incorporate characters.
3However, at least in the original formulation, the doubling method did not incorporate characters.
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elements of GSpy,,(A) X GSpy, (A) with the same multiplier, and ¢ is an automorphic form in
the space of m. The integral (4) represents a meromorphic function of s on all of C due to the
analytic properties of the Eisenstein series. As we will prove, away from any poles, the function
g— Z(s; f,¢)(g) is again an automorphic form in the space of .

Next, assume that ¢ = ®,¢, and f = ®,f, are factorizable. We define, for each place v,
local zeta integrals

Zo(5; for ) = / Fo(@n - (1), )70 (B dh, (5)

Sp2n (F'U)

where @, is a certain explicit matrix in GSpy,(A). It turns out (see Proposition 3.2) that
Zy(8; fu, @) converges to an element in the space of m, for real part of s large enough.

Our “Basic Identity” (Theorem 3.6) asserts that the automorphic form Z(s; f, ¢) corresponds
to the pure tensor ®,7Z,(s; fy, ¢v). Now assume that, for all v, the vectors ¢,, and the sections f,
can be chosen in such a way that Z,(s, fy, ¢») = cy(s)d, for an explicitly computable function
¢y(s). Then we obtain a global integral representation

2(5:£.9)(9) = ([Teu(9)9. (6)

In this way the Euler product [], c,(s), convergent for Re(s) large enough, inherits analytic
properties from the left hand side of (6). If this Euler product, up to finitely many factors
and up to “known” functions, represents an interesting L-function, one can thus derive various
properties of said L-function.

Our main local task is therefore to choose the vectors ¢, and the sections f, such that
Zy(8, fu, 0v) = cu(8)y for an explicitly computable function ¢,(s). For a “good” non-archime-
dean place v we will make the obvious unramified choices. The unramified calculation, Proposi-
tion 4.1, then shows that

L((2n+1)s+1/2,my X x4, 02n+1) '
L((2n+1)(s+1/2), xs) '1;[1 L((2n+1)(2s+ 1) — 24, x2)

(7)

c(s) =

If v is non-archimedean and some of the data is ramified, it is possible to choose ¢, and f,
such that ¢, (s) is a non-zero constant function; see Proposition 4.3. The idea is to choose ¢, to
be invariant under a small enough principal congruence subgroup, and make the support of f,
small enough. This idea was inspired by [36].

1.3 The choice of archimedean vectors and our main formula

We now explain our choice of ¢, and f, at a real place v, which represents one of the main
new ideas of this paper. We only treat the case of m, being a holomorphic discrete series
representation, since this is sufficient for our application to Siegel modular forms. Assume first
that m, has scalar minimal K-type of weight k, i.e., m, occurs as the archimedean component
attached to a classical Siegel cusp form of weight k. Then it is natural to take for ¢, a vector of
weight k& (spanning the minimal K-type of 7, ), and for f, a vector of weight & in I(,,s). Both
¢, and f, are unique up to scalars. The local integral in this case is calculated in Proposition 5.5
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and turns out to be an exponential times a rational function. The calculation is made possible
by the fact that we have a simple formula for the matrix coefficient of ¢,; see (68).

Now assume that 7, is a holomorphic discrete series representation with more general mini-
mal K-type p(, ... k,), where k1 > ... > k;, > n; see Sect. 5 for notation. In this case we will not
work with the minimal K-type, but with the scalar K-type p(, . ), where k := k1. We will show
in Lemma 5.3 that p( . x) occurs in 7, with multiplicity one. Let ¢, be the essentially unique
vector spanning this K-type, and let f, again be the vector of weight & in I(xy, s). The function
¢y(s) in this case is again an exponential times a rational function; see Proposition 5.8. We note
that our calculation for general minimal K-type uses the result of the scalar case, so the scalar
case cannot be subsumed in the more general case. One difficulty in the general case is that we
do not know a formula for the matrix coefficient of ¢,,, or in fact any matrix coefficient. Instead,
we use a completely different method, realizing ¢, as a vector in an induced representation.

Our archimedean calculations require two different integral formulas, which are both expres-
sions for the Haar measure on Spy, (R). The first formula, used in the scalar minimal K-type
case, is with respect to the K AK decomposition; see (27). The second formula, used in the
general case, is with respect to the Iwasawa decomposition; see (88). We will always normalize
the Haar measure on Sp,,, (R) in the “classical” way, characterized by the property (12). It is
necessary for us to determine the precise constants relating the K AK measure and the Iwasawa
measure to the classical normalization. This will be carried out in Appendix A.

Finally, combining the archimedean and the non-archimedean calculations, we obtain an
explicit formula for the right hand side of (6), which is our aforementioned pullback formula for
L-functions on GSpy,, X GL;. This is Theorem 6.1 in the main body of the paper; below we
state a rough version of this theorem.

1.6 Theorem. Let m = ®m, be an irreducible cuspidal automorphic representation of
GSp,y,(Ag) such that m is a holomorphic discrete series representation of highest weight
(k1,k2, ... k), where k = k1 > ... >k, > n and all k; have the same parity. Let x = ®x, be
a character of Q*\A* such that yo, = sgn®. Then we have the identity

_ L5((2n+1)s+1/2,7 K x, 02n+1)
S L3((2n + 1) (s +1/2),x) [Tj=; L9((2n + 1)(2s + 1) — 24, x?)
x i 7D 2e (20 + 1)s — 1/2)(g),

Z(s, f,0)(9)

where ¢(z) is an explicit function that takes non-zero rational values for integers z with 0 < z <
kn—n and where L°(...) denotes the global L-functions without the local factors corresponding
to a certain (explicit) finite set of places S.

The above formula can be reformulated in a classical language, which takes a similar form to
(3) and involves functions F'(Z) and E;C‘ ~(Z, s) that correspond to ¢ and EX(—, s, f) respectively.
In fact F' and Eff ~(=,s) are (scalar-valued) smooth modular forms of weight k (and degrees
n and 2n respectively) with respect to suitable congruence subgroups. We refer the reader to
Theorem 6.4 for the full classical statement. In all previously proved classical pullback formulas
[6, 61, 62] for L(s,m X x) with 7o a general discrete series representation, the analogues of F'
and E,? ~(—,8) were vector-valued objects; in contrast, our formula involves only scalar-valued
functions. This is a key point of the present work.
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We hope that our pullback formula will be useful for arithmetic applications beyond what
we pursue in this paper. A particularly fruitful direction might be towards congruence primes
and the Bloch-Kato conjecture, extending work of Agarwal, Berger, Brown, Klosin, and others.
Initial steps towards this application have already been made by us in [40] where we build upon
the results of this paper, and prove p-integrality and cuspidality of pullbacks of the Eisenstein
series E,f ~(Z,s). It also seems worth mentioning here the recent work of Zheng Liu [33] who uses
the doubling method for vector-valued Siegel modular forms and constructs a p-adic L-function.

1.4 Nearly holomorphic modular forms and arithmeticity

To obtain results about the algebraicity of critical L-values, we delve deeper into the arithmetic
nature of the two smooth modular forms given above. The general arithmetic principle here
is that whenever a smooth modular/automorphic form is holomorphic, or close to being holo-
morphic, it is likely to have useful arithmetic properties. In this case, if 0 < mgy < %
an integer, then Shimura has proved that EX \/(Z, —mg) is a nearly holomorphic Siegel modular
form (of degree 2n) with nice arithmetic prdperties.

The next step is to prove that the inner product of F(Z) and EX \(Z,—mg) is Aut(C)
equivariant. It is here that we are forced to assume n = 2. In this case, our recent investigation
of lowest weight modules [39] of Sp,(R) and in particular the “structure theorem” proved therein
allows us to define an Aut(C) equivariant isotypic projection map from the space of all nearly
holomorphic modular forms to the subspace of cusp forms corresponding to a particular infinity-
type. Once this is known, Theorem 1.1 follows by a standard linear algebra argument going back
at least to Garrett [18].

It is worth contrasting our approach here with previously proved results on the critical L-
values of holomorphic vector-valued Siegel cusp forms such as the result of Kozima [31] mentioned
earlier. In Kozima’s work, the modular forms involved in the integral representation are vector-
valued and the cusp form holomorphic; ours involves two scalar-valued modular forms that are
not holomorphic. Our approach allows us to incorporate everything smoothly into an adelic setup
and exactly evaluate the archimedean integral. But the price we pay is that the arithmeticity
of the automorphic forms is not automatic (as we cannot immediately appeal to the arithmetic
geometry inherent in holomorphic modular forms). In particular, this is the reason we are forced
to restrict ourselves to n = 2 in the final section of this paper, where we prove Theorem 1.1. We
expect that an analogue of the structure theorem for nearly holomorphic forms proved in [39]
for n = 2 should continue to hold for general n. This is the topic of ongoing work of the authors
and will lead to an extension of Theorem 1.1 for any n.

is
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2 Preliminaries

2.1 Basic notations and definitions
Let F be a totally real algebraic number field and A the ring of adeles of F'. For a positive
integer n let Ga, be the algebraic F-group GSps,,,, whose F-points are given by

Gon(F) = {g € GLan(F) : '9Jng = pin(9)Jns pn(9) € F*},  Ju=[_; ™].

n

The symplectic group Sp,,, consists of those elements g € Gg, for which the multiplier u,(g)
is 1. Let P», be the Siegel parabolic subgroup of Gay,, consisting of matrices whose lower left
n x n-block is zero. Let dp,, be the modulus character of Py, (A). It is given by

n(n+1)
S ([4 X0 ]) = o= det(A)™],  where A € GL,(A), v € GLy(A), (8)
and | - | denotes the global absolute value, normalized in the standard way.

Fix the following embedding of Ha, 2y == {(9,9’) € G2a X Gap : pa(g) = p(g")} in Gagiop:

A —B1

Ay B A B A B
Hao > ([ & 5] | & D§}>*—>[_c1 > py 7| € GSpagyae (9)

Co Do

We will also let Hy, o, denote its image in Gagq2p.

Let G be any reductive algebraic group defined over F. For a place v of F' let (m,, V) be
an admissible representation of G(F,). If v is non-archimedean, then this means that every
vector in V,, is smooth, and that for every open-compact subgroup I' of G(F3,) the space of fixed
vectors VI is finite-dimensional. If v is archimedean, then it means that V, is an admissible
(g, K)-module, where g is the Lie algebra of G(F,) and K is a maximal compact subgroup
of G(F,). We say that m, is unitary if there exists a G(F,)-invariant (non-archimedean case)
resp. g-invariant (archimedean case) hermitian inner product on V,,. In this case, and assuming
that m, is irreducible, we can complete V, to a unitary Hilbert space representation Vj,, which
is unique up to unitary isomorphism. We can recover V, as the subspace of V, consisting of
smooth (non-archimedean case) resp. K-finite (archimedean case) vectors.

We define automorphic representations as in [8]. In particular, when we say “automorphic
representation of G(A)”, we understand that at the archimedean places we do not have actions of
G(Fy), but of the corresponding (g, K)-modules. All automorphic representations are assumed
to be irreducible. Cuspidal automorphic representations are assumed to be unitary. Any such
representation 7 is isomorphic to a restricted tensor product ®m,, where m, is an irreducible,
admissible, unitary representation of G(F,).

For a place v of F, let o, x1, -+, xn be characters of F,*. We denote by x1 X -+ X xp X 0
the representation of Ga,(F),) parabolically induced from the character

ai - % * *
o ke
agay ! — x1(a1) - ... xn(an)o(ao) (10)

* aoaﬁ1
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of the standard Borel subgroup of G, (F,). Restricting all functions in the standard model of
this representation to Sps,, (F),), we obtain a Borel-induced representation of Sp,, (F,) which is
denoted by x1 X ... X xn, % 1.

We also define parabolic induction from Ps,(F,). Let x and o be characters of F,*. Then
X X o is the representation of Ga,(F;,) parabolically induced from the character

[4 wiior ] > o(u)x(det(A)) (11)

of Po,(F,). The center of Ga,(F,) acts on x x o via the character x"o?. Restricting the functions
in the standard model of x x o to Spy, (Fy), we obtain the Siegel-induced representation of
Spay,, (Fy) denoted by yx x 1.

We fix a Haar measure on Sp,,, (R), as follows. Let H,, be the Siegel upper half space of degree
n, consisting of all complex, symmetric n x n matrices X +¢Y with X,Y real and Y positive
definite. The group Sp,,, (R) acts transitively on H,, in the usual way. The stabilizer of the point
I :=il,, € H,, is the maximal compact subgroup K = Sp,,(R)NO(2n) = U(n). We transfer the
classical Sp,,, (R)-invariant measure on H,, to a left-invariant measure on Sp,,, (R)/K. We also
fix a Haar measure on K so that K has volume 1. The measures on Sp,,(R)/K and K define
a unique Haar measure on Spy,(R). Let F' be a measurable function on Spy,(R) that is right
K-invariant. Let f be the corresponding function on H,, i.e., F(g) = f(gI). Then, by these
definitions,

/ F(h)dh = / F(Z) det(Y) "D g x dy. (12)
Spoy, (R) Hy,

We shall always use the Haar measure on Sp,, (R) characterized by the property (12).

Haar measures on Sp,,, (F'), where F is a non-archimedean field with ring of integers o, will
be fixed by requiring that the open-compact subgroup Sp,,,(0) has volume 1. The Haar measure
on an adelic group Spy,(A) will always be taken to be the product measure of all the local
measures.

2.2 Some coset decompositions

For 0 <r <mn, let o, € Spy,(Q) be the matrix

I, 0 0 0
01, 00
Oér:[()ﬂ[noly (13)
I. 0 0 I,
where the n x n matrix I, is given by I, = {0”0‘* IO }
T

2.1 Proposition. We have the double coset decomposition

G4n(F) = |_| P4n(F)a7"H2n,2n(F)'
r=0

Proof. This follows from Shimura [57, Prop. 2.4]. n
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For our purposes, it is nicer to work with the coset representatives Q, := . - (Lan—2r, Jy)
where J, = [7 . IT]. It is not hard to see that (Is,—2r, Jr) € Han—2r2, is actually an element of
Hsy, op, so that

P4n(F)arH2n,2n(F) = P4n(F)QTH2n,2n(F)-
One can write down the matrix @, explicitly as follows,
In 0 0 0

oI _ .0 I

Qr = P (14)
0 0 I, I
I, —I, o1,

where I',_, =1, — I, = [I”O*T 8].

For 0 < r < n, let Py, be the maximal parabolic subgroup (proper if r # n) of Ga,
consisting of matrices whose lower-left (n + ) x (n — r) block is zero. Its Levi component is
isomorphic to GL,—, x G,. Note that P, = P, and P,, = Ga2,. Let Na,, denote the
unipotent radical of Pay, ;.

The next lemma expresses the reason why {Q,} is more convenient than {c,} for the double

coset representatives. Let d : Py, — GL7 be the homomorphism defined by
d(p) =v " det(A)

forp=[4 yta—1 |7 with v € GLy1, A € GLg, and n/ € Ny . Note that dp,, (p) = |d(p)|***! for
pE P4n(A)

2.2 Lemma. i) Let 0 < r < n and suppose that

g1
— IT
pP1 = tgfl

are certain elements of Py, . Then the matrix X = Q,(p1,p2)Q, * lies in Py, and satisfies
d(X) = det(g1) det(g2).

92
I
‘N, p2 = [ tggl ] "2, g1,92 € GLTL*T, n1,N2 € N2n,'r‘
I, Ir

ii) Let 0 <7 < n. Let w1 € Spy, and x = (1,21) € Spy,,. Then the matrix X = Q,(x,z)Q; "
lies in Py, and satisfies d(X) = 1.

iii) Let g € Go,,. Then the matrix X = Q,(g,9)Q;,! lies in Py, and satisfies d(X) = 1.
Proof. This follows by direct verification. ]
Next we provide a set of coset representatives for Py, (F')\ Pun, (F)QrHapn 2n(F).

2.3 Proposition. For each 0 < r < n, we have the coset decomposition

Py (F)QyHap on(F) = | | | | P (F) - Qy - (2y, 2),

2=(1,21) €SPy, (F) yE€Pon,r(F)\Gan(F)
$1€SP2T(F) ZePQn,T(F)\GQn(F)

where we choose the representatives y, z to be in Sp,,, (F).

Proof. This follows from Shimura [57, Prop. 2.7]. Note that the choice of representatives y and
z is irrelevant by i) and ii) of Lemma 2.2. "
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3 Eisenstein series and zeta integrals

3.1 Degenerate principal series representations
Let x be a character of F*\A*. We define a character on Pj,(A), also denoted by yx, by
X(p) = x(d(p)). For a complex number s, let

Gan(A s
1(x,5) = Indp (0 (x5, (15)

Thus, f(-,s) € I(x,s) is a smooth complex-valued function satisfying

F(pg,s) = x(p)dp,, (0)*+2 f (g, 9) (16)

for all p € Pu,(A) and g € Gan(A). Note that these functions are invariant under the center
of Gyn(A). Let I,(xv,s) be the analogously defined local representation. Using the notation
introduced in Sect. 2.1, we have

Iv(Xva 8) _ Xv| . |$}2n+1)s 1 X;n| . ‘;n(2n+1)s. (17)

We have I(x,s) = ®I,(xv, s) in a natural way. Given f € I(x,s), it follows from iii) of Lemma
2.2 that, for all h € Spy,(A),

f(@n - (gh.9),8) = f(Qn - (h,1),5)  for g € Gan(A). (18)

We will mostly use this observation in the following form. Let f, € I,(xv,s) and K a maximal
compact subgroup of Spy,, (F,). Then

Fo(Qn - (k1hko, 1), 8) = fo(Qn - (h, 1) (K2, k1), s) for ki, ke € K (19)

and all h € Spy, (Fy).

In preparation for the next result, and for the unramified calculation in Sect. 4, we recall
some facts concerning the unramified Hecke algebra at a non-archimedean place v of F'. We fix
a uniformizer w of F,. Let K = Spy,(0,). Recall the Cartan decomposition

Span (F) = |_| Key o en (20)
61""»677.62
0<e1<<en
where
Kel»"‘ en — Kdiag(wela e 7w€n’ w—€17 T 7w—6n)K‘ (21)

Consider the spherical Hecke algebra H,, consisting of left and right K-invariant compactly
supported functions on Spy,, (F'). The structure of this Hecke algebra is described by the Satake
isomorphism

St My — CIXF - XY, (22)

where the superscript W indicates polynomials that are invariant under the action of the Weyl
group of Spy,. Let T¢, . ., be the characteristic function of the set K, . ., defined in (21).
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Then T¢, ., is an element of the Hecke algebra H,,. The values S(T¢, . ., ) are encoded in the
rationality theorem

n

1-Y 1—¢*Y?
S(T, yert-ten — ) 23
2 S(Tecn) 1—q"Y Hl (1 - Xiq"Y)(1 - X; 'q"Y) 2

€1,...,en€Z
0<ei<...<en

This identity of formal power series is the main result of [5].

Let x1,...,Xn be unramified characters of F*. Let m be the unramified constituent of
X1 X ... X Xp ¥ 1. The numbers o; = x;(w), i = 1,...,n, are called the Satake parameters of
w. Let vy be a spherical vector in . It is unique up to scalars. Hence, if we act on vy by an
element T of H,,, we obtain a multiple of vy. This multiple is given by evaluating ST at the
Satake parameters, i.e.,

/ T(@)r(x)vo dz = (ST)(an, .. ., an)vo. (24)
San(F)

Now assume that v is a real place. Let K = Sp,,(R) N O(2n) = U(n) be the standard
maximal compact subgroup of Sp,,,(R). Let g be the Lie algebra of Sp,,, (R), and let a be the
subalgebra consisting of diagonal matrices. Let ¥ be the set of restricted roots with respect
to a. If e; is the linear map sending diag(as, ..., a,, —ai,...,—ay) to a;, then ¥ consists of all
+(e;j —e;) for 1 <i < j<mnand (e +ej;) for 1 <i<j<n. As a positive system we choose

Yr={ej—e:1<i<j<n}U{-e—ej:1<i<j<n} (25)
(what is more often called a negative system). Then the positive Weyl chamber is
at = {diag(ay,...,an, —ai,...,—a,) a1 < ... < a, <0} (26)
By Proposition 5.28 of [29], or Theorem 5.8 in Sect. 1.5 of [24], we have the integration formula
/ 6(h) dh = o / / / < 11 sinh(A(H)))qb(k:l exp(H)ky) dky dH dks,  (27)
SPon (R) K ot K AEXF

which we will use for continuous, non-negative functions ¢ on Spy,, (R). The measure dH in (27)
is the Lebesgue measure on a™ C R™. The positive constant a, relates the Haar measure given
by the integration on the right hand side to the Haar measure dh on Sp,,(R) we fixed once and
for all by (12). We will calculate «, explicitly in Appendix A.1.

3.2 Local zeta integrals

3.1 Lemma. i) Let v be any place of F' and let f, € I,(xv,s). Then, for Re(s) large enough,
the function on Spy,(F,) defined by h + f,(Qy, - (h,1),5s) is in L*(Spy, (Fy)).

ii) Let f € I(x,s). Then, for Re(s) large enough, the function on Sps, (A) defined by h
f(Qn ’ (h7 1)73) is in LI(SPQn(A))
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Proof. Since ii) follows from i) by definition of the adelic measure, we only have to prove the
local statement. To ease notation, we will omit all subindices v. Define a function f’(g,s) by

F(g.5) = / / Pk k7Y, )| dhy ks, g € Gan(F). (28)

K K

From (16), we see that
1
f'(pg. s) = Ix(p)or., (p)"2| f'(g.5) (29)
for all p € Py, (F) and g € G4, (F'). Equation (19) implies that

/ F(@n- (1), ) dh = / F(Qn - (1), )| dh. (30)
Spa,, (F) Spa,, (F)

Now assume that v is a non-archimedean place. It follows from (20) that

/ F@Qu (1) s)dh= Y / (@ - (1), 9)] dh

Span (F) 020 nED Keroren
= Y vol(Keyoe,) |[F(Qn - (diag(w®, -+ @™, @, @) 1),5)]. (31)
e1, - ,en€Z
0<e1<-<en

From (29), we find

f/(QTl : (diag(wela T 7wen7 w7617 e 7w*6n)7 1)7 S)
ertoten | In In
_ ’X(w)|q7(2n+1)(Re(s)+1/2) f/( IX . . In ,8) (32)
A
In —In

with A = diag(w®,..., @ ). By smoothness, the term f’(...) in the second line of (32) takes
only finitely many values, and can therefore be estimated by a constant C independent of
€1,...,€n. Thus

/ |f'(Qn - (h,1),8)|dh < C Z VOl(Ke, ... ¢, ) c(s)e1 T Hen (33)
Span (F) 02 ;Zn

nt1)(Re($)+1/2) * Consider the trivial representation lg, () of Spy, (F).

where c(s) = [x ()] ¢~

Since it is a subrepresentation of |- |™" x ... x | - |71, its Satake parameters are o; = ¢ for
i=1,...,n. Let vg be a spanning vector of 1g,, (r). Then T¢,  ,v0 = vol(Ke, ... e, )00- By
(24) it follows that vol(Ke, ... ¢,) = S(Te,,....en)(1, ..., ), where a; = ¢'. Substituting oy = ¢*

into (23), we get

1-Y 1 1+4¢Y
er+..ten _ | |

E VO](Kel,"',en)Y ! - 1— an J 1— qn+iy’ (34)
0<er1<...<en =1

an identity of formal power series in Y. We see that (33) is convergent if ¢(s) is sufficiently
small, i.e., if Re(s) is sufficiently large.
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Next assume that v is a real place. By (27), (19) and (30),

[ 1@u v 9ldn=ay [ (( TT sob () )17 Q- fexpltn. ), o) dit.— (35)

Sp?n(R) at >\62+
It follows from (29) that, with |x| = | - |¢ and H = diag(a,...,an, —a1, ..., —ay,),
A+ (2n+1) (Re(s)+1/2) ) 1T Tan o, o fn I
7(@Qu- (exp(H), 1),5) = (e ) o, W] s) (36)
A In I

with A = diag(e®, ..., e ). Since the a;’s are negative, the term f’(...) on the right hand side
can be estimated by a constant C'. Hence

/\ﬂ%whnww<mﬂ/(IImh H)) o)t a6

+
SPan (R) AEX

where ¢(s) = edt@ntDRe(s)+1/2)  Writing out the expressions for sinh(A(H)), it is easy to see
that the integral on the right converges for real part of s large enough. [

3.2 Proposition. Let x be a character of F*\A*.

i) For a place v of F let f,, € I,(xy,s). Let (m,,V,) be an admissible, unitary representation
of Spy,,(Fy). If Re(s) is sufficiently large, then the integral

Zy(8; fo,wy) = / fo(Qn - (R, 1), 8)my(h)w, dh (38)

Sp2n (FU)

converges absolutely to an element of V,,, for any w, in the Hilbert space completion V.
If wy is in V,,, then so is Z,(s; fu, wy).

ii) Let m & ®m, be a cuspidal, automorphic representation of Go,(A). Let V be the space of
automorphic forms on which m acts. If Re(s) is sufficiently large, then the function

g [ FQu- (1 1) 5)0lgh) dh (39)
Sp2n(A)
is an element of V, for every ¢ € V. If f = & f, with f, € I,(xv, $), and if ¢ corresponds to

the pure tensor ®uwy,,, then the function (39) corresponds to the pure tensor @Z,(s; fu, wy).

Proof. 1) The absolute convergence follows from Lemma 3.1 i). The second assertion can be
verified in a straightforward way using (19).
ii) Lemma 3.1 ii) implies that the integral

f(@n - (h,1),5)(R(h)¢) dh, (40)
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where R denotes right translation, converges absolutely to an element in the Hilbert space
completion V of V. With the same argument as in the local case we see that this element has
the required smoothness properties that make it an automorphic form, thus putting it into V.
Evaluating at g, we obtain the first assertion. The second assertion follows by applying a unitary
isomorphism 7 = ®@m, to (40). "

3.3 The basic identity

Let I(x,s) be as in (15), and let f(-,s) be a section whose restriction to the standard maximal
compact subgroup of G4, (A) is independent of s. Consider the Eisenstein series on Gy, (A)
which, for Re(s) > %, is given by the absolutely convergent series

E(ga S, f) = Z f(’ygv S)a (41)

YEPan (F)\Gan (F)

and defined by analytic continuation outside this region. Let 7 be a cuspidal automorphic
representation of Ga,(A). Let V; be the space of cuspidal automorphic forms realizing 7. For
any automorphic form ¢ in V; and any s € C define a function Z(s; f, ¢) on Gay,(F)\Gan(A) by

(s £, 8)(g) = / E((h,g). s f)d(h) dh. (42)

3.3 Remark. Note that g - Spy,(A) = {h € Gan(A) : pn(h) = un(g)}-

3.4 Remark. E(g,s, f) is slowly increasing away from its poles and ¢ is rapidly decreasing.
So Z(s; f,#)(g) converges absolutely for s € C away from the poles of the Eisenstein series and
defines an automorphic form on Ga,. We will see soon that Z(s; f, ¢) in fact belongs to V.

Using Propositions 2.1 and 2.3, we conclude that Z(s; f, ¢)(g9) = > r_o Zr(s; f,$)(g), where

Zr(s; f,9)(g) = / > > F(Qy - (zyh, zg), s)p(h) dh.

=(1,21)€SPs, (F) yEPan,r(F)\Gon(F
SPon (F)\ g-Spay (4) *=U 1els)p2f%)( ) yeP§F§§G§F§

3.5 Proposition. Let 0 <r < n. Then Z,(s; f,¢)(g) = 0.

Proof. Let Ny, be the unipotent radical of the maximal parabolic subgroup Psy, . Let P2/n,r =
Py, » N Spy,. Then

Zr(s; f,9)(g) = / > > £(Qy - (zyh, 29),8)¢(h) dh

. z=(1,21)€ESpy, (F) y€Py,, ,.(F)\Spa, (F)
Spay, (F)\g Span, (A) x1€Sp2T(127) ZGénﬂ»(F)\G;n(F)

_ / ) d. Q- (ah.z9),8)¢(h) dh

Pén,r(F)\g'Sp%'L(A) w:(mlizlS)pisr()%’ys(F) Z€P27M"(F)\G27L(F)
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_ / / Z F(Q, - (znh, 2g), s)d(nh) dn dh.

Nan,r(A) Py, (F)\ g-SPay(A) Nan,r(F)\Nanr(A) *

Since the element z normalizes Na, ,(A) and Noy, (F'), we can commute z and n. Then n can
be omitted by i) of Lemma 2.2. Hence

Z,(5: £.0)(g) = / / (Z £(@ - (eh.zg), >) o(nh) dn db,

Nap, ’I‘(A) 2n, 'r )\Q'szn(A) N2n,r(F)\N2n,r(A)
and the cuspidality of ¢ implies that this is zero. [

For the following theorem, which is the main result of this section, recall the local integrals
defined in (38).

3.6 Theorem. (Basic identity) Let ¢ € V; be a cusp form which corresponds to a pure tensor
®qy ¢y via the isomorphism m = ®m,. Assume that f € I(x,s) factors as ® f,, with f, € I(xy,S).
Let the function Z(s; f, ¢) on Ga,(F)\G2,(A) be defined as in (42). Then Z(s; f, ¢) also belongs
to V and corresponds to the pure tensor ®y,Zy(S; fu, ¢v)-

Proof. By Proposition 3.5, we have that Z(s; f, ¢)(g) = Zn(s; f,#)(g). But

Zu(s: f.6)(g) = / S F(Qn- (hyg), 5)6(h) dh

Spgy, (F)\ g-Spay, (A) TESP2n (F)

/ F(@Qn - (hg). 5)6(h) dh

g Sp2n
/ F(Qu - (h.1), 5)6(gh) dh
Sp2n
where the last step follows from (18). The theorem now follows from Proposition 3.2. ]

Our goal will be to choose, at all places, the vectors ¢, and the sections f, in such a way
that Z,(s, fu, ¢v) = cu(s)¢p, for an explicitly computable function c,(s).

4 The local integral at finite places

In this section we define suitable local sections and calculate the local integrals (38) for all finite
places v. We will drop the subscript v throughout. Hence, let F' be a non-archimedean local field
of characteristic zero. Let o be its ring of integers, w a uniformizer, and p = wo the maximal
ideal.

4.1 Unramified places

We begin with the unramified case. Let x be an unramified character of F'*, and let 7 be a
spherical representation of Ga,(F'). Let f € I(x,s) be the normalized unramified vector, i.e.,
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f: G4y — Cis given by
f([A wiA-1 ] k) =x(u™" det(A))‘u—” det(A)}(Q”“)(SH/?) (43)

for A € GLoy(F), u € F* and k € Gyp(0). Let vy be a spherical vector in 7. We wish to
calculate the local integral

Z(sifo) = [ F(Que (1), 9)w(h)oo dh, (44)

Sp2n(F)
Let o, x1, -, Xn be unramified characters of F'* such that 7 is the unique spherical con-
stituent of x1 X -+- X xn X 0. Let a; = xi(w), i = 1,...,n, and ap = o(w) be the Satake

parameters of 7. The dual group of GSp,,, x GL; is GSpin,,, ;1(C) x GL{(C). There is a natural
map 02n41 : GSping, 1(C) = SO2,4+1(C) = GL2,4+1(C). Consequently we get a tensor prod-
uct map from GSpin,,, 1(C) x GL{(C) into GLg2,41(C) which we denote also by g2,+1. The
L-function L(s, 7 X x, g2n+1) is then given as follows,

1
1—x(w@)g* - (45)

(2

- 1
L(S,’ﬂ' X X QQn—‘rl) =

L (1= x(@)aig=®) (1 — x(@)a; 'q75)
We also define L(s, x) = (1 — x(w@)g™*)~!, as usual.

4.1 Proposition. Using the above notations and hypotheses, the local integral (44) is given by

L((2n + 1)8 + 1/27 m X X5 QQn-l—l)

Z(S;f, UO) - n
L((2n+1)(s+1/2),%x) ‘1;[1 L((2n+1)(2s+ 1) — 2i,x?)

o

for real part of s large enough.

Proof. The calculation is similar to that in the proof of Lemma 3.1. By (20), (19) and (32),

Z(S;f, UU) - Z f(Qn 'diag(welv"' 7wen7w7617"' 7wien)71)ﬂs) / W(h)vo dh

€1, ,en€l
0<er<-<en Key

= Z (X(w)q—(2n+1)(s+1/2))€1+m+en Te,.....enV0s

€1, ,en€L
0<e1<--<en

S sen

where T¢, . ., vo is the Hecke operator introduced in Sect. 3.2. The restriction of 7 to Spy, (F')
equals the spherical constituent of x1 X ... X x, % 1, which has Satake parameters a; = x;(w).
The assertion now follows from (24) and (23). "
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4.2 Ramified places

Now we deal with the ramified places. For a non-negative integer m, let Ty, (p™) = {g €
S (0) : g = I mod p™}

4.2 Lemma. Let m be a positive integer. Let p € Py, (F) and h € Sps,(F') be such that
Q;lp Qn(h’ 1) € F4n(pm) Then h € F2n(pm) and pe P4n(F) N F4n(pm)

Proof. Since Q,, normalizes [y, (p™), the hypothesis is equivalent to p Q,(h, 1)Q;; 1 € Typn(p™).
Write p = [* ;] with g = [J; 72] € GLg,(F) and h = [4 B]. Then

X ok ok ok A I -B

k* ko ok ok n

[ g1 92] -C I,-D D € F4n(pm)- (46)
93 94 A-I, B =B I,

From the last two rows and last three columns we get

gl(In - D) + QQB € Mn(pm)7 ng - gQB S In + Mn(pm)¢ g2 € Mn(pm)v (47)
93(In - D) + g4B € Mn(pm)7 g3D - g4B € Mn(pm)¢ g4 € In + Mn(pm)v (48)

where M, (p™) is the set of n X n matrices with entries in p™. Hence g € Ia, + Mo, (p"™) =
I2,(p™). Multiplying (46) from the left by p~! and looking at the lower left block, we see that
[A_gn I”JED} € My, (p™), i.e., h € T, (p™). Then it follows from (46) that p € T4, (p™). ]

Let m be a positive integer such that x| 1ym)nox = 1. Let f(g,s) be the unique function on
G4n(F) x C such that

i) f(pk,s) = x(p)op,, (p)”% for all p € Py, (F) and k € 'y (p™).

It is easy to see that f is well-defined. Evidently, f € I(x, s). Furthermore, for each h € G4,(0),
define f") € I(y,s) by the equation

f(h)(gvs) = f(ghilas)‘

4.3 Proposition. Let 7 be any irreducible admissible representation of Go,(F). Let m be a
positive integer such that X|(1+pm)m0>< = 1 and such that there exists a vector ¢ in mw fixed by

an(pm) Let 7 € 0* and QT = |:T12n 12n1|Qn|:T71[2n 12n:|. Then Z(S,f(QT)’(;S) = X(T)_"ngb,

where 1, = vol(I'a, (p")) is a non-zero rational number depending only on m.

Proof. By definition,

(s @), ) = / F(@n - (b 1)QFY, 8)m(h)é dh.

Sp2n (F)
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The integrand vanishes unless
Qn- (b 1)Q7" =py (49)
for some p € Py, (F) and v € Ty, (p™). Put t = [TI” I |. Then (49) is equivalent to

(@R E tp ™ Qu(h, )@, =

for some ' € Ty, (p™). Put p' = (Qn(t,)Q;1)(t1,t 1)p~!. By the last part of Lemma 2.2,
p' € Py, (F) with x(p') = x(p) " 'x(7)~™. Now, using Lemma 4.2, we conclude that x(p) = x(7) ™"
and h € T'9,(p"™). So we obtain

/ f(Qn(h, 1)Q_1, s)ym(h)pdh = x(1)™" / m(h)¢ dh. (50)
Spay, (F) Ton (p™)
This last integral equals vol(I'2,(p™))¢, completing the proof. n

We end this subsection with an alternate definition of the function f(g,s) defined above.
Define the Siegel-type congruence subgroup I'g 4, (p™) = {g € Spu,(0) : g = [0, x| mod p™},
and for any k € o4, (p™), we denote x(k) = x(det(A)) if k = [A B]. It is easy to check now
that f(g,s) is the unique function such that

D) f(pk,s) = x(p)x(k)dp,, ()2 for all p € Py, (F) and k € T 4,,(p™).
i) f(g,s) =0if g ¢ Pay(F)oan(p™).

The main difference between the above description and our original definition is that it uses
the Siegel type congruence subgroup rather than the principal congruence subgroup. The fact
that makes this alternate description possible is that Py, (F)g4n(9™) = Pin(F)lan(p™). In
particular, this shows that our local section f(g, s) is essentially identical to that used by Shimura
[55, 58] in his work on Eisenstein series, which will be a key point for us later on.

5 The local integral at a real place

5.1 Holomorphic discrete series representations

We provide some preliminaries on holomorphic discrete series representations of Sp,, (R). We
fix the standard maximal compact subgroup

K=K"={[ 48] €GL(R): A'/A+B'B=1, A'B=B'A}.
We have K = U(n) via [ 4 §] — A+iB. Let
jlg,Z) =det(CZ + D) for g=[4 B8] € Spy,(R)
and Z in the Siegel upper half space H,,. Then, for any integer k, the map
K3>g+—3j(g, )% where I =il,, (51)

is a character of K.
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Let b be the compact Cartan subalgebra and ey,...,e, the linear forms on the complexi-
fication hc defined in [2]. A system of positive roots is given by e; £ e; for 1 < i < j < n
and 2e; for 1 < 5 < n. The positive compact roots are the e; —e; for 1 < i < j < n. The
K-types are parametrized by the analytically integral elements kie; + ... + kye,, where the k;
are integers with k1 > ... > k,. We write py, k = (k1,...,ky), for the K-type with highest
weight k1eq + ...+ kpe,. If ky = ... =k, = k, then py is the Koo-type given in (51); we simply
write pr in this case.

The holomorphic discrete series representations of Sps,(R) are parametrized by elements
A=/lie; + ...+ £ye, with integers 1 > ... > £, > 0. The representation corresponding to the
Harish-Chandra parameter A contains the K-type py, where k = A—{—Z?Zl jej, with multiplicity
one; see Theorem 9.20 of [29]. We denote this representation by 7y or by my; sometimes one or
the other notation is more convenient. If k = (k,..., k) with a positive integer k > n, then we
also write 7, for my.

Let G2,(R)T be the index two subgroup of Ga,(R) consisting of elements with positive
multiplier. We may extend a holomorphic discrete series representation 7 of Spsy,(R) in a
trivial way to Go,(R)" = Sp,,,(R) x Rsq. This extension induces irreducibly to Ga,(R). We
call the result a holomorphic discrete series representation of G, (R) and denote it by the same
symbol 7y (or m). These are the archimedean components of the automorphic representations
corresponding to vector-valued holomorphic Siegel modular forms of degree n.

5.1 Lemma. Let A\ = l1e1 + ...+ £ye, with integers £1 > ... > £, > 0.

i) The holomorphic discrete series representation 7y of Sp,,, (R) embeds into

sgnn | - [ xosgn® T L 1, (52)

and in no other principal series representation of Sp,,, (R).

ii) The holomorphic discrete series representation 7y of Ga,(R) embeds into

sgnt |6 xosgn® T L [ xosgn® - |—%(61+.~.+5n) (53)

)

where € can be either 0 or 1, and in no other principal series representation of Ga,(R).

Proof. i) follows from the main result of [64]. Part ii) can be deduced from i), observing that
the holomorphic discrete series representations of Ga,(R) are invariant under twisting by the
sign character. n

5.2 Lemma. Let k be a positive integer. Consider the degenerate principal series representation
of G, (R) given by

n(n+l) ns

J(s) :=sgn®| - [*7"F xsgn®|-|TF Y, (54)

wheree € {0,1}. Then J(s) contains the holomorphic discrete series representation my, of Ga, (R)
as a subrepresentation if and only if s = k.
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Proof. By infinitesimal character considerations, we only need to prove the “if” part. Since
T is invariant under twisting by sgn, we may assume that ¢ = 0. Consider the Borel-induced

representation
/ k| |s—n k| (s—n+1 ki o1s—1 n(n+l)  ns
J'(s) :==sgn®| - 7" x sgn”| - | X.oooxsgn®| PP x| T T2 (55)
By Lemma 5.1 ii), 7 is a subrepresentation of J'(k). Since |- [*7" x |- [*7"H x ... x |- |*7!

contains the trivial representation of GL,(R) twisted by | - \S_%, it follows that J(s) C J'(s).
Let fs be the function on Ga,(R) given by

Fs([A yiior 9. 5) = sen®(det(A))[ul =2 | det(A)|* j(g,T) (56)
for A € GL,(R), v € R* and g € K. Then f; is a well-defined element of J(s). Since fs is the
unique up to multiples vector of weight k in J'(s), 7 lies in the subspace J(k) of J'(k). n

Our method to calculate the local archimedean integrals (38) will work for holomorphic
discrete series representations 7y, where A = f1e1 + ...+ £,e, with £1 > ... > £, > 0 satisfies

lj —{j_1is odd for 2 < j < n. (57)

Equivalently, we work with the holomorphic discrete series representations my, where k = kie; +
oo+ kne, with k1 > ... > k, > n and all k; of the same parity; this last condition can be seen
to be equivalent to (57). An example for A satisfying (57) is (kK — 1)e; + ... + (kK — n)ey, the
Harish-Chandra parameter of 7. The next lemma implies that whenever (57) is satisfied, then
7 contains a convenient scalar K-type to work with.

5.3 Lemma. Assume that A = lie; + ...+ lpe, with €1 > ... > £, > 0 satisfying (57). Let m
be a non-negative, even integer. Then the holomorphic discrete series representation 7y contains
the K-type

Pms m= {1 +14+m)(ex+...+en), (58)

with multiplicity one.

Proof. By Theorem 8.1 of [29] we need only show that py, occurs in 7). We will use induction
on n. The result is obvious for n = 1. Assume that n > 1, and that the assertion has already
been proven for n — 1.

Using standard notations as in [2], we have gc = p; @ tc @ ]:J(?C'r . The universal enveloping
algebra of ]:u(JCr is isomorphic to the symmetric algebra S (pz:r). We have ), =2 S (pg ) @ px as K-
modules. Let I be the subalgebra of S (ng ) spanned by the highest weight vectors of its K-types.
By Theorem A of [27], there exists in I an element D, of weight 2(e; + ...+ e,,). By the main
result of [25], the space of K-highest weight vectors of 7y is acted upon freely by I. It follows
that we need to prove our result only for m = 0.

We will use the Blattner formula proven in [22]. It says that the multiplicity with which py,
occurs in 7y is given by

multy(m) = Y e(w)Q(w(m + pe) — A= pn). (59)
weWg
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Here, Wi is the compact Weyl group, which in our case is isomorphic to the symmetric group
Sn, and € is the sign character on Wiy the symbols p. and p, denote the half sums of the
positive compact and non-compact roots, respectively; and Q(u) is the number of ways to write
1 as a sum of positive non-compact roots. In our case

pc:;Z(n+1 2j)e;, pn:n—glzej. (60)
Jj=1 j=1
Hence
mult)(m) = Z 5(0)@(0((@1 +1+m) Zej + % Z(n +1-— Qj)ej> A ”-2F 1 ej)
oESn j=1 j=1 j=1
= Z <Z (h+1+m—¢;) (Z]@)) (61)
ocESK j=1

Now assume that m = 0. Then

multy(m) = ¥ e(o (Zn:elﬂ—e —U(Zjej)) (62)

multy(m) = Z 5(U)Q(zn:(£1 +1—4)e; _J(Zn:jej)>

gESy j=2 j=2
o(1)=1
n—1 n—1
= Z 5(0‘)@( Z(fl — ‘€j+1)6j+1 - O‘< Zj€j+1)). (63)
€Sy j=1 7=1
o(1)=1

If we set e} = ejy1 and m’ = {; — fo — 1, then this can be written as

multy(m) = Z E(U)Q(nil(fg +14m' —Lljq)e) - cr(nilje;)) (64)
0ESH_1 7j=1 j=1

We see that this is the formula (61), with n —1 instead of n and m’ instead of m; note that m’ is
even and non-negative by our hypotheses. There are two different Q-functions involved, for n and
for n—1, but since the argument of @) in (63) has no e;, we may think of it as the Q-function for
n—1. Therefore (64) represents the multiplicity of the K("~D-type (fo-+1+m/)(e}+...+¢/, ;) in
the holomorphic discrete series representation 7y of Spy,_1y(R), where N = lae] +.. .+ Lne], 4

By induction hypothesis, this multiplicity is 1, completing our proof. ]
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5.2 Calculating the integral

In the remainder of this section we fix a real place v and calculate the local archimedean integral
(38) for a certain choice of vectors f and w. To ease notation, we omit the subscript v. We assume
that the underlying representation m of G, (R) is a holomorphic discrete series representation
7x, where A = l1eq1 + ... + lpe, with 64 > ... > £, > 0 satisfies (57). Set k = ¢; + 1. By
Lemma 5.3, the K-type pi appears in w with multiplicity 1. Let w) be a vector spanning this
one-dimensional K-type. We choose w = wy as our vector in the zeta integral Z(s, f, w).

To explain our choice of f, let J(s) be the degenerate principal series representation of Gy, (R)
defined in Lemma 5.2 (hence, we replace n by 2n in (54)). We see from (17) that I(sgn”,s)
equals J((2n + 1)(s + 1)) for appropriate ¢ € {0,1}. Let fx(-,s) be the vector spanning the
K-type K?" 5 g+ j(g,I)~% and normalized by fi(1,s) = 1. Explicitly,

Fel[4 i1 ]9, 5) = sen® (det(A)) sgn™ (u) [u™" det(A4)| @ HDE+2) (g, 1)~ (65)

for A € GLg,(R), u € R* and g € K", Then f = f; is the section which we will put in our
local archimedean integral Z(s, f,w).

Thus consider Z(s, fi,wy). By Proposition 3.2 i), this integral is a vector in 7. The obser-
vation (19), together with the transformation properties of fi, imply that for g € K

m(9)Z(s, frwx) = (9, 1) FZ(s, fr, w). (66)

Since the K-type pg occurs only once in 7, it follows that

Z (s, fr,wx) = Ba(s)wy (67)

for a constant By(s) depending on s and the Harish-Chandra parameter X\. The rest of this
section is devoted to calculating By (s) explicitly.

The scalar minimal K-type case

We first consider the case A = (kK — 1)e; + ... + (kK — n)e, with & > n. Then 7\ = my,
the holomorphic discrete series representation of Ga,(R) with minimal K-type pi. Let wy be
a vector spanning this minimal K-type. Let (,) be an appropriately normalized invariant
hermitian inner product on the space of 7y such that (wg,wg) = 1. As proved in the appendix
of [30], we have the following simple formula for the corresponding matrix coefficient,

Mn(h)nk/Q onk
(mr(h)wg, wy,) = { det (A+ D +i(C — B))* for p(h) > 0, (68)
0 for p(h) < 0.

Here, h = [4 B] € G2,(R). We will need the following result.

5.4 Lemma. For a complex number z, let
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where dt is the Lebesgue measure and
T=A{(t1,...,tn) ER™ : t;1 > ... >t, > 1}. (70)

Then, for real part of z large enough,

m

= o1l gy ()

m=1 j=1

Proof. After some straightforward variable transformations, our integral reduces to the Selberg
integral; see [50] or [14]. "

5.5 Proposition. Assume that k > n and A = (k —1)e; + ...+ (k — n)en, so that Ty = m.

Then
an(nt1)/2

HZ:I(m —1)!

where 7, is the rational function (71).

1
Bi(s) = il g=n(2n+1)s+3n/2 %((271 F1)s— >+ k) (72)

2

Proof. Taking the inner product with wy on both sides of (67), we obtain

By (s) = / Fe(@n - (1), 8){mp (), w) dh. (73)

Sp?n (R)

Since the integrand is left and right K-invariant, we may apply the integration formula (27).
Thus

Bi(s) /( H sinh(A )fk(Qn.(exp( ), 1), 8)(m (exp(H ))wy, wy) dH. (74)

at rext

This time we work with the positive system X1t ={e; —e;: 1 <i<j<n} U {e;+ej:1<i<
j <n}, so that

at = {diag(ay,...,an, —ai,...,—ay) :ay > ... >a, > 0}. (75)

The function fj in (74) can be evaluated as follows,

In

In
f (Qn'(eXp( ) )75):f/€([ ﬁ In[ ] [ s In In] '(eXp(H),l),S)

In

In A el
:anfk([ ﬁz I, ] [ In A-1 ] ,S) (A= |: :|)
In In In etn

I,
inke(a1+...+an)(2n+1)(s+%)fk( [ In ] ’ S).
A
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Now use

z 1/2 cos(f) sin(6
L) =017 e lr@), v = [ a0 ] (76)
with w ) 1 — ety
ey _ 0 _ — e
S 14e?’ YT Tx e ‘ (1+ e2%)1/2 (70
It follows that .
F1(Qn - (exp(H), 1), 5) = "8 [ (2 + 7o)~ @mtDlst2), (78)
j=1

Substituting this and (68) into (74), we get after some simplification

a;lB)\( ) = ik o— n(2n+1)(s+3)+n

X H (cosh(a;)? — cosh(a;) H cosh(a;) —(@nt1)s+g—n—k Hsmh a;)dH.
at 1<i<j<n j=1
Now introduce the new variables ¢; = cosh(aj). The domain at turns into the domain 7T defined
n (70). We get
n 1
—(2n+1)s+L—n—k
Bx(s) = ani"™ 2 (Z"H)(Hé)ﬂ/ ( II @- t?)> (ITw) " a9

7 N1<i<j<n j=1

Thus our assertion follows from Lemma 5.4 and the value of «,, given in (142). "

Calculation of B)(s) for general Harish-Chandra parameter

Now consider a general A = f1e1 + ...+ {pe, for which the condition (57) is satisfied. By (53),
we may embed 7 into

sgnf| - & x ... x sgnF| - |1 x| |2t (80)

In this induced model, the weight k vector w) in 7y has the formula

ai - * * *
a: * * n n+1)
’LU)\( ' aoal_l g) = sgn(a1 et ) ‘a0’ 2 (b1t +ln)—
© e agar!

n
(TLial )i
j=1
for ai,...,a, € R* and g € K(™. Evaluating (67) at 1, we get

By(s) = / fe(Qn - (R, 1), s)wx(h) dh. (82)
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Recall the beta function

L(@)I'(y)
B(z,y) = ——=. 83
@9 = s (53)
One possible integral representation for the beta function is
B e d—2oo T *a for Re(x),R 0. (84
(z,y) = (at D)o+ a= (a+ a1+ a or Re(z), Re(y) > 0. (84)
0 0
For s € C and m € Z, let
B(m S):B((n—f—l)S-i-}-f—m (n+1>s+1—m>. (85)
’ 2 4 27 2 4 2
5.6 Lemma. We have .
o) = ([T 9065:9))Cuto) (36)
j=1
where ,
Culs) = //fk([ b ] Ls)dX dV (87)
J VX I,
Ny Ny

depends only on k = ¢, + 1. Here, Ny is the space of upper triangular nilpotent matrices of size
n X n, and No is the space of symmetric n X n matrices.

Proof. In this proof we write fx(h) instead of fi(h,s) for simplicity. We will use the Iwasawa de-
composition to calculate the integral (82). By Proposition A.3, the relevant integration formula
for right K(™-invariant functions ¢ is

/ o(h)dh = 2"//@(&71) dn da, (88)
Span (R) AN
where N is the unipotent radical of the Borel subgroup, dn is the Lebesgue measure, A =
{diag(ay, .. .,an,al_l, coart) ay, ..., a, >0}, and da = aill ... CZ’“T”. Thus, using (81),

By(s) = 2"//fk(Qn - (an, 1))wy(an) dnda

AN
=2" <ﬁ ae."+1—j+n+1j> f1(Qn - (an, 1)) dn da. (89)
[J

We have N = N1 N5, where
Ny = {[U tU—l] : U upper triangular unipotent}, Ny = {[I" ;i] : X symmetric}.  (90)

Write further a = [ 1] with D = diag(ai, ..., ay). Then

In I D U I, -X
fk(Qn ’ (an, 1)) = fk([ ﬁ I, ] [ I, In] [ fr D1 ] [ fr ty—1 ] [ fn I, ])
In In —1Ip In In In
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) I, U , I, -X
=i"ay -y |CMTVED () In T fn I, )-
D I, In I,
(91)
We will use the identity
1/2
y,
[C}]l]—[lwf][ i yfl/Q]T(9’> (92)
J
with ] 1
9 _ i0; _ —ay 93
YT YT rva (1+a?)l2 (93)
Let
yi/Q cos(61) sin(61)
v oo ] s [ ] o)
y:b/Q cos(0n) sin(6n)
Then
In , Y . * C c s s
D I, = [ y-1 ] [ s } ; (95)
D In y-1 -S C
and thus
. n 1 (2n+1)(s+1) c o sfU . I ; -X
(@ an, ) = 7 = AT P R
(96)

Write U = I, + V, so that V is upper triangular nilpotent. A calculation confirms that

C c s S U I I I C c s S
[ sC } “wper | =P iz, [ 5C ] ; (97)
-S C I, 7 In -S C

where Z = —(1+ SVS)~1SVC and p = [B tB*,l] with det(B) = 1. Hence

n

1 (2n+1)(s+3) In c S1[In  -X
fk<czn-<an,1>>—z'"’“(H1) fk<[ 5, H Ssé H " ]>-
In I

J=1 a; + a; VA -S C
(98)

Let Ny be the Euclidean space of upper triangular nilpotent real matrices of size n x n. Then
it is an exercise to verify that

o / oI + V) dV, (99)
)

where dV is the Lebesgue measure, defines a Haar measure on the group of upper triangu-
lar unipotent real matrices. (Use the fact that V +— UV defines an automorphism of N of
determinant 1, for every upper triangular unipotent U.)
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Therefore, as we integrate (98) over Nj, we may treat V as a Euclidean variable. We then
have to consider the Jacobian of the change of variables V' +— Z. It is not difficult to show that
this Jacobian is []7_, sin(0;)7~" cos(0;)1 7. Substituting from (93), we find

<H)<H)(H) (100

Using the above and some more matrix identities, we get

H sin(0;)7 " cos(0;)' 7
j=1

n

[ [ 5@ twnna vy ans an = (T 11)(2n+1)5+é<1§[aj)_n_1<f[agﬁ>

aj + a,
Ny Ny j=1"7 J j=1 j=1

//fk 5o ] [In o ])dXdV. (101)

X In
N1 N

This last integral is the Cy(s) defined in (87). Going back to (89) and using (84), we have

n

Ba(s) = / / / (Ha;“ SALSE J) Fe(Qn - (aning, 1)) dng dny da

A Nip N:

k i’ , i 1 (2n+1)s+3

= 2’”2” / <H a‘jn+1]) <H a_'_a]_) da . Ck(s)
A Jj=1 j=1"7

- 1 1 ¢ 1 1
__;nk 1 1 4 1 14 .
—i g(B((n+2>s+4+2,<n+2>s+4 2)) Ci(s). (102)

This concludes the proof. .

5.7 Lemma. The function Ci(s) defined in (87) is given by

an(nth)/2 9—n(2n+1)s+3n/2 n((2n+1)s — 5 + k)

Ci(s) = 772 (103)
[Tz (m —1)! Hg 1Bk —j,s)
where 7y, is the rational function from Lemma 5.4, and (m, s) is defined in (85).
Proof. Consider A = (k —1)e; + ...+ (kK —n)e,. Then
n(n+1)/2 1
_ T nk o—n(2n+1)s+3n/2 -
BA) = 2 7n<(2n+ s =3 +k>, (104)
by Proposition 5.5. On the other hand,
) =TT~ 3.9) ) Cuto (105)

by Lemma 5.6. The assertion follows by comparing the two expressions. [
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5.8 Proposition. Let A = l1e1+...+pen, £1 > ... > £, > 0, be a Harish-Chandra parameter
for which the condition (57) is satisfied. Denote kj = {; + j and k = k1. Let m = 7y be the
corresponding holomorphic discrete series representation of Ga,(R) and let wy be a vector in m
spanning the K-type py. Let fi be the element of I(sgn”, s) given by (65). Then

Z(s, frywy) = i 702 4y (20 + 1)s — 1/2) wy

with the function Ay (z) is defined as

=2 () (T 5602

Jj=1i=1 j=1 =0

Proof. By Lemma 5.6 and Lemma 5.7, Z(s, fr, wy) = Ba(s)w) with

n(n+1)/2 1 By, s)
By(s) =i — 1 _o—n(n+D)s+3n/2, ( M+ 1)s — ~ + k:) P 107
Inductively one confirms the identity
Tl et
B — =B T —— 108
(@ my—m) = By [[ (108)
=0
for any integer m > 0. Use the abbreviation ¢t = (n + %)s + %. Applying the above formula with
m = k;kj, which by (57) is a non-negative integer, and replacing ¢ by m — 1 — i, we get
B(e;, O
_Bls) _— ; (109)
ﬁ —Jss Z:Ot+7-7+m—1—z
The result follows by using formula (71) for ~,. "

5.9 Remark. Using (106), one can check that Ag(t) is a non-zero rational number for any
integer t satisfying 0 <t < k,, — n.

6 The global integral representation

6.1 The main result

Consider the global field ' = Q and its ring of adeles A = Ag. All the results are easily
generalizable to a totally real number field. Let 7 = ®, be a cuspidal automorphic represen-
tation of Gg,(A). We assume that 7, is a holomorphic discrete series representation 7, with
k = kjer + ... + kpen, where k; > ... > k, > n and all k; have the same parity. (From now
on it is more convenient to work with the minimal K-type k rather than the Harish-Chandra
parameter A.) We set k = k;. Let x = ®x, be a character of Q*“\A* such that xoo = sgn”. Let
N = leNme be an integer such that
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e For each finite prime p t N both 7, and X, are unramified.

e For a prime p|N, we have x| ( = 1 and 7, has a vector ¢, that is right invariant

1+p™PZy)NZy
under the principal congruence subgroup I'y, (p™?) of Spy,,(Zy).

Let ¢ be a cusp form in the space of m corresponding to a pure tensor ®¢,, where the local
vectors are chosen as follows. For p{ N choose ¢, to be a spherical vector; for a p|N choose ¢,
to be a vector right invariant under Iy, (p™?); and for p = oo choose ¢ to be a vector in 7
spanning the Koo-type pi; see Lemma 5.3. Let f = ®f, € I(x, s) be composed of the following
local sections. For a finite prime p { N let f, be the spherical vector normalized by f,(1) = 1; for
p|N choose f, as in Sect. 4.2 (with the positive integer m of that section equal to the m, above);
and for p = 0o, choose fo by (65). Define LV (s, 7 X x, 02n11) = II v L(s, mp B Xp, 02011),

pFoo
where the local factors on the right are given by (45).

Next, for any h € [[,. SpPsn(Zp), define fM(g,s) = f(gh~',s). Let Q denote the el-

ement @, embedded diagonally in [[,_. Sps,(Zy), and for any 7 € 7% = [pcoo Zys let

Q, = [TI?n Lon } Q [77112” I } We can now state our global integral representation.

6.1 Theorem. Let the notation be as above. Then the function L™ (s,7 Xy, 02n+1) can be an-
alytically continued to a meromorphic function of s with only finitely many poles. Furthermore,
for all s € C and g € Gon(A), and any 7 € Z*,

: B IN(2n+1)s +1/2, 71X x, 02n11)
Z(s, 197, )(9) TIN(@n+ D)(s+ 1/2), 011 LV ((2n + 12)(+21,s 1) - 27,49

X x () D/ ( Hvol<r2n<pmp>>>Ak<<2n +1)s = 1/2)é(9), (110)
pIN
with the rational function Ay (z) defined as in Proposition 5.8.
Proof. By Theorem 3.6, Proposition 4.1, Proposition 4.3 and Proposition 5.8, the equation (110)
is true for all Re(s) sufficiently large. Since the left side defines a meromorphic function of s for

each g, it follows that the right side can be analytically continued to a meromorphic function of
s such that (110) always holds. "

6.2 Remark. Let <
Tr(s) = w—s/Qr(ﬁ), Te(s) = 2(2m)°T(s). (111)

Define e,e9 € {0,1} by x(—1) = (—1)¢ and €9 = ¢ + n mod 2. Using

L(s, Moo ® Xoos 02n41) = Lr(s +£0) [ [ Tc(s + ki — 4), (112)
j=1

a calculation shows that, with z = (2n + 1)s — 1/2,

L((2n + 1)8 + 1/27 Too X Xoos QQn-‘rl)
L((2n 4+ 1)(s + 1/2), xoo) [Tj=1 L((2n + 1)(2s + 1) — 2, x%)
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[ T e+ L nti— )
TTimbeme0l 2715 41 4 g + 2i)

n . kj—n—1
= k2% Hjm (1) II Il G+1i+n+i—j), (113)

[18e 2 e 1 oo +20) 11 iy

=r2™ "

where (1) N
n(n 2, nte—¢gg _N\n .
k=2 2 7"t 2 (27) 2j=1ks

Evidently, the quotient in (113) is a polynomial in z. There is no obvious relationship of the
polynomial in (113) with the function Ay(z) defined in (106).
6.2 A classical reformulation

We now rewrite the above theorem in classical language. For any congruence subgroup I' of
Spay, (R) with the symmetry property [*I" I, IT] —In In] =T, let C;°(I") be the space of smooth
functions F' : H,, — C satisfying

F(vZ)=j(v,2)*F(Z)  forall v € T. (114)

For any F € Cp°(T), there is an element F € C{°(T) defined via F(Z) = F(—Z). Given
functions F, F5 in C°(I"), we define the Petersson inner product (F, F) by

(F1, Fy) = vol(I'\H,,) ! / det(Y\EF1(2)Fy(2) dZ,
I'\H,
whenever the integral converges. Above, dZ is any Sp,,, (R)-invariant measure on H,, (it is equal
to cdet(Y)~ (D dX dY for some constant c).

Note that our definition of the Petersson inner product does not depend on the normalization
of measure (the choice of ¢), and is also not affected by different choices of I'. Note also that

(F1, Fy) = (F1, Fy). (115)

Now, let ® be an automorphic form on Ga,(A) such that ®(gh) = j(h,I)"*®(g) for all
h e KC(Q) = U(n). Then we can define a function F(Z) on the Siegel upper half space H,, by

F(Z) = j(g, )" ®(g), (116)

where g is any element of Sp,, (R) with g(I) = Z. If ') is an open-compact subgroup of G2, (Q))
such that & is right invariant under Iy for all p, then it is easy to check that F' € Cp°(I") where
I'= Sp2n(@) N Hp<oo Fp'

We apply this principle to our Eisenstein series E(g,s, f), where f is the global section
constructed in Sect. 6.1. Consider

. 2s k 1
Exn(Z,3) ::J(g,I)kE(g, omti T oyl 5,f), (117)

where g is any element of Sp,,, (R) with g(I) = Z. Since the series defining F(g, s, f) converges

absolutely for Re(s) > 1, it follows that the series defining E) \(Z,s) converges absolutely
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whenever 2Re(s) + k > 2n + 1. More generally, for any h € [],_., Sp4,(Zp) and g as above,
define

) 2s+k 1
EY x(Z.5:h) = (9. 1) B(

1 2s+k 1
— =, ™) = (g, D*E(gh! -=.f).
g’2n+1 2’f) i(9, 1) (g "2n+1 2’f>

By the invariance properties of our local sections and by analytic continuation, it follows that
for all s and all h as above, we have E} \(Z,s;h) € Cp°(T4n(N)). As usual, T'yn(N) = {g €
SpPun(Z) : g = 14, (mod N)} is the principal congruence subgroup of level N.

It is instructive to write down the functions E,’é ~N(Z,s;h) classically. First of all, a standard
calculation shows that

(118)

El)cC,N(Z73? h) = (E;c(,NMhO) (Z,s) = j(ho, Z)_kEl)éN(hoZ, 5), (119)

where (using strong approximation) we let ho be an element of Spy,(Z) such that hy'h €
15 Pan (™) I 1w SPan(Zyp). This enables us to reduce to the case h = 1 for many properties.
We now write down the classical definition in this case, i.e., for E,’C‘ y(Z,s). Let Py, (Z) =
Py, (Q)NSpy,(Z). Using the relevant definitions and the explication of the local sections fy(7p, s)
at the end of Section 4.2, it follows that for 2Re(s) + k > 2n + 1,

Eyn(Z,s) = Z pr(det(A)) det(Im(v2))* (v, Z) " (120)
A’:[é g] P}, (Z)\Fo.an(N) \PIN

6.3 Remark. Shimura defined certain FEisenstein series on symplectic and unitary groups over
number fields [55, 56, 57, 58] and proved various properties about them. Following the notation
of [58, Sect. 17], we denote Shimura’s Eisenstein series by E(z, s;k,x, N). A comparison of [58,
(16.40)] and (120) shows that

EXN(Z,s) = E(z,s+k/2;k,x,N). (121)

The above identity can also be proved adelically, by comparing the alternate description of our
section at ramified places (see end of Section 4.2) with Shimura’s section (see Sect. 16.5 of [58]).

Combining (120) with (119), we can now write down a similar expansion for E,’g< ~(Z,s;h)
for each h € [, SpP4n(Zp). Note that if @ is the element defined immediately above Theorem
6.1, then EY x(Z,5Q) = j(Qns 2) "Ef 5y (QnZ, ).

Let m and ¢ be as in Sect. 6.1. Let F(Z) be the function on H, corresponding to the
automorphic form ¢ via (116). Then F, F € C;°(I'3,(N)) and both these functions are rapidly
decreasing at infinity (as ¢ is a cusp form). For Z1,Z; € H,,, and h € [[,_ ., Spyn(Zp), write

E,f’N(Zl, Zy, s; h) for E,)CCN( { o1 Z ] , 83 h). Using adelic-to-classical arguments similar to Theorem

6.5.1 of [45], we can now write down the classical analogue of Theorem 6.1.

6.4 Theorem. Let the element (), for each T € 7% be as defined just before Theorem 6.1, and
let E’;f,N(Z, 5;Q;) be as defined in (118). Let F(Z), F(Z) be as defined above. Then we have
the relation

n k—s _ LN (s, 7 X X, 02n41)
EX o Z o . - F — ) Y n A _1
(ot (=25 = 5550 ) F) = oo T, D=2 e =
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—nnk 7.‘.n(n—l—l)/2

x [T vol(Tan (™)) X(7) X F(Z),

N vol(Spa, (Z)\Span(R))

with the rational function Ag(z) defined as in Proposition 5.8.

6.5 Corollary. Let r be a positive integer satistying 1 < r < k, —n, r =k, —n (mod 2). Then

n k—r _ i”kx(T)_”ckrn N LN(r X X, 02n+1)
EX _>Z77_ y &r aF = — : ~? sz
< k,N< 25 5@ ) > LN+ 1) [Ty LY 2+ 2) — 2,32) (Z2)

an(n+1)/2 1T vol(T'a2y (p™P))
_ p|N n . _ .
where iy pn. N = o3, (Z)\Spa () x Ak (r — 1) is a non-zero rational number.

6.3 Near holomorphy and rationality of Eisenstein series

In this section, we will prove two important properties of the Eisenstein series E,’j N(Z,—mo; h)
for certain non-negative integers mg. These are stated as Propositions 6.6 and 6.8.

For each positive integer r, let N(H,.) be the space of nearly holomorphic functions on H,.
By definition, these are the functions which are polynomials in the entries of Im(Z)~! with
holomorphic functions on H, as coefficients. For each discrete subgroup I' of Sp,, (R), let Ny (I")
be the space of all functions F' in N (H,) that satisfy F(vZ) = j(vy, Z)*F(Z) for all Z € H, and
v €T (if r = 1, we also need an additional “no poles at cusps” condition, as explained in [39]).
The spaces Ni(I') are known as nearly holomorphic modular forms of weight k for I'. We let
My(T") C Ng(I') denote the usual space of holomorphic modular forms of weight k for I". The
following important result is due to Shimura.

6.6 Proposition. Suppose that k > n+ 1 and let h € [[,_, Spsn(Zyp). If k = n+ 1, assume
further that x% # 1. Then E,z‘ ~(Z,0;h) is a holomorphic Siegel modular form of degree 2n and
weight k with respect to the principal congruence subgroup I'4,(N) of Spy,,(R). More generally,
let 0 < mg < g — ”TH be an integer, and exclude the case mg = g — ”TH, x%2 = 1. Then

E;giN(Z? —mo; h) € Ni(Tan(N)).

Proof. If h = 1, this is a special case of Theorem 17.9 of [58] (see Remark 6.3). The proof for
general h is now an immediate consequence of (119). "

6.7 Remark. In the absolutely convergent range k > 2n + 2, 0 < mg < % —n — 1, the above
proposition can also be proved directly, using the expansion (120). To go beyond the realm of
absolute convergence, one needs delicate results involving analytic behavior of Fourier coefficients
of Fisenstein series, which have been done by Shimura.

Next, for any nearly holomorphic modular form F' € Ni(T') and o € Aut(C) we let “F denote
the nearly holomorphic modular form obtained by letting ¢ act on the Fourier coefficients of F'.
Note that if ¢ is complex conjugation then ? F equals F. Denote

— TIn T_IIn
o [ i

We will prove the following result.
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6.8 Proposition. Let the setup be as in Proposition 6.6. Let o € Aut(C), and let T € 7% be
the element corresponding to o via the natural map Aut(C) — Gal(Qa.,/Q) ~ Z*. (Concretely,
this means that for each positive integer m, o(e2™/™) = ¢?7t/™ where t = 7 mod m.) Then

O.(ﬂ_Zmon)

7T2m0n

"B N (Z,—mo; h) = EX (Z,—mo; hr)

Proof. We will prove the result in several steps.

6.9 Lemma. (Feit) Assume that k > n + 1, and exclude the case k = n + 1,x*> = 1. Then
TEYX v(Z,0) = E, (Z,0). In other words, Proposition 6.8 holds for mg = 0, h = 1.

Proof. This is Theorem 15.1 of [13]. "

The next step is to extend the above lemma to the case of general h. This follows from
a very general lemma of Shimura. For any Siegel modular form F € My(T'9,(N)) and any
h € [],<o0 SP2r(Zp), define F[yh € My(T'ar(N)) by F|ih := F|xho where we choose hg to be any

element of Sp,,.(Z) with (hg'h), € s, (N) for all p. Note that EX \(Z,0)|sh = E) 5 (Z,0;h).

6.10 Lemma. (Shimura) Let 0,7 be as in Proposition 6.8. Then, for all h € ], ., Spa,(Zp),
and F' € My(T2,(N)), we have ?(F|zh) = (°F)|ihr.

Proof. This is immediate from Lemma 10.5 of [58] and its proof. "
Combining the above two lemmas, since k — 2mg > n + 1, we see now that
UEI):—QmO,N(Z7 0;h) = Ek)£2m0,N (Z,0;h;) (122)

for all k, mg, x as in Proposition 6.6. Next, we need the Maass-Shimura differential operator
AP which is defined in [56, 4.10a] or [58, p. 146]. Note that A} takes Ny (') to Njiop(I"). By
[58, (17.21)] we obtain

A g (B —ame,n (Z,0: 1)) = dE}, (Z, —mo; h), (123)

where d is a non-zero rational number. (Note here that the differential operator A} commutes
with the action of h). Finally, we have the identity (see equation (1) of [9]):

a(ﬂf2monAZl_02m0F) — AZI—OQmO (7.‘.72mon O'F)' (124)
Combining (122), (123), and (124), we conclude the proof of Proposition 6.8. "

6.11 Remark. In the special case my = 0, k > 2n+2, where the Eisenstein series is holomorphic
and absolutely convergent, Proposition 6.8 also appears in [18, p. 461].
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7 Critical L-values for GSp, x GL;

7.1 Preliminaries

For the algebraicity results of critical values of L-functions, we will use [39]. Since the results of
[39] are available only for n = 2, we will assume n = 2 throughout this section. Let ¢,m be non-
negative integers with m even and ¢ > 3. We put k = (¢ + m)e; + feg and k = £ + m. For each
integer N = Hp p"r, we let I (k) denote the set of all cuspidal automorphic representations
m = @m, of G4(A) such that 7o equals the holomorphic discrete series representation my and
such that for each finite prime p, m, has a vector right invariant under the principal congruence
subgroup I'y(p™») of Spy(Zy). We put II(k) = Uy Iy (k).

We say that a character x = ®yx,, of Q*\A* is a Dirichlet character if xo is trivial on Rxy.
Any such x gives rise to a homomorphism x : (Z/N,Z)* — C*, where N,, denotes the conductor
of x. Concretely* the map ¥ is given by Y(a) = Hp‘ Ny Xp 1(a). Given a Dirichlet character ,

we define the corresponding Gauss sum by G(x) = ZnE(Z/NXZ)X X (n)e2™ /Ny

7.1 Lemma. Let x, X' be Dirichlet characters. Given o € Aut(C), let 7 € 7% be as in
Proposition 6.8. The following hold:

i) o(G(x)) = X(T)G(°X)-

.. G XX/ o G XO' /)
i) o (Gt5e0n) = atgata
Proof. This is a special case of Lemma 8 of [53]. "

Let X be the set of all Dirichlet characters y such that xs = sgn’ and N,|N. We denote
X =y &n. For any 7 € Iy (k), x € Xn, and any positive integer 7, we define, following the
notation of Corollary 6.5,

LN(T7 X X Q5)
r+2,x) LN (2r, x2) LN (2r + 2,x2)

On(mxr) = (D' o v

The reader should not be confused by the two different 7 (one the constant, the other an
automorphic representation) appearing in the above definition.

For the rest of this paper, we also make the following assumption (which is forced upon us
as we need to use results of Shimura where this assumption appears):

r=1= y*#1 (125)

The reader might wonder if Cn(m, x,r) can be infinite. It turns out that (125) eliminates
that possibility. First of all, any m € IIx(k) is either of generic type (meaning, it lifts to a cusp
form on GL4), or of endoscopic (Yoshida) type, or of P-CAP (Saito-Kurokawa) type. (CAP
representations of Soudry type or Howe-Piatetski-Shapiro type do not occur if £ > 3.) In each
case, we have precise information about the possible poles of L(r,m X x, g5); see [49]. It follows
that if 7 is generic, then LY (r,7 X x, o) is finite for all » > 1. On the other hand, for 7 either

4In fact, the map x — X gives a bijection between Dirichlet characters in our sense and primitive Dirichlet
characters in the classical sense.
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endoscopic or P-CAP, LY (r, 7 Xy, 05) is finite for 7 > 1 and LY (1,7 X x, 05) =00 = x = 1. In
particular, assumption (125) implies that Cn (7, x, ) is finite in all cases considered by us.

Recall that Ni(I'4(N)) denotes the (finite-dimensional) space of nearly holomorphic modular
forms of weight k for the subgroup I's(N) of Sp,(Z). Let Viy be the subset of N (I'4(N)) consist-
ing of those forms F' which are cuspidal and for which the corresponding function ®r on Sp,(R)
generates an irreducible representation isomorphic to mx. By Theorem 4.8 and Proposition 4.28
of [39], Vv is a subspace of N(I's(N)) and isomorphic to the space Sp,,(I'4(N)) of holomor-
phic vector-valued cusp forms of weight det’sym™ for T4(N); indeed Viy = U™/2(S;,,(T4(N))),
where U is the differential operator defined in Section 3.4 of [39]. We put V = |Jy VN and
Ni = Uy Ni(T4(N)).

As in [39], we let Py m denote the orthogonal projection map from N to V; note that it takes
Ni(T'y(N)) to Vy for each N. Let 1 < r < ¢—2 r =/ (mod 2) be an integer and x € Xn;
also suppose that (125) holds. Then Ej \(Z1, Z2, 1 B2 Q) € Np(Tu(N)) @ Ni(T4(N)) for

cach 7 € Z*. In fact, it can be shown that E,?N(Zl, Zy,1— %; @) is cuspidal in each variable
using methods very similar to [18], but we will not need this. We define

_ o o k—r
G;N(Zl, ZQ, r; QT) = 7‘_27‘-&—4 2k X (pf,m @ p@,m)(Elz;(,N<Z17 ZQ’ - T; QT)) (126)

If F € V is such that (the adelization of) F' generates a multiple of an irreducible (cuspidal,
automorphic) representation of G4(A), then we let 7r denote the representation associated to
F. Note that the set of automorphic representations wr obtained this way as F' varies in Vi
is precisely equal to the set IIy(k) defined above. For each m € TI(k), we let V() denote
the m-isotypic part of V. Precisely, this is the subspace consisting of all those F' in V such
that all irreducible constituents of the representation generated by (the adelization of) F' are
isomorphic to m. Note that Vy(m) = {0} unless 7 € IIy(k). We have an orthogonal direct sum
decomposition

B vvm). (127)
welln (k)

We define V(7)) = Uy V(). Therefore we have V' = @, cr) V(7). Now, let B be any
orthogonal basis of Viy formed by taking a union of orthogonal bases from the right side of (127).
Thus each F' € B belongs to Vy(m) for some 7 € Il (k). From Corollary 6.5, Proposition 6.6,
and (115), we deduce the following key identity:

F ZF(Z.
Gy ~N(Z1,Z2,1Q7) = Z Cn(mr, X, T (&) F(> 2)
FeB
F(Z)F(Z
Z CN(W7X7T) Z W (128)
relvo -

7.2 Arithmeticity
Throughout this section, we assume that 1 <r < ¢ —2, r =/¢ (mod 2), and that (125) holds.
7.2 Lemma. For all o € Aut(C),

"GN (Z1, 22,75 Q) = GX (21, Za, 3 Qr).
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Proof. Recall that G%,N(Zh Zs,1;Qr) is defined by (126). So the corollary follows from Propo-
sition 6.8 (taking h = @) and the fact that the map py,, commutes with the action of Aut(C)
(see Proposition 5.17 of [39]). Note that the power of 7 is introduced in (126) precisely to cancel
with the power of 7 in Proposition 6.8. [

Let 0 € Aut(C). For 7 € IIx(k), we let 7 € IIy(k) be the representation obtained by the
action of o, and we let Q(7) denote the field of rationality of 7; see the beginning of Section 3.4
of [46]. If o is the complex conjugation, then we denote 7 = 7. It is known that Q(7) is a CM
field and Q(7) = Q(7). We use Q(7, x) to denote the compositum of Q(7) and Q(x). Note that

FeVy(r) = F € Vy(“n). (129)

This follows from Theorem 4.2.3 of [3] (see the proof of Proposition 3.13 of [46]) together with
the fact that the U operator commutes with o. In particular, the space V() is preserved under
the action of the group Aut(C/Q(7)). Using Lemma 3.17 of [46], it follows that the space Viy(7)
has a basis consisting of forms whose Fourier coefficients are in Q(7). In particular there exists
some F' satisfying the conditions of the next proposition.

7.3 Proposition. Let m € lIy(k), x € Xy, and F € Vy(w). Suppose that the Fourier coeffi-
cients of F lie in a CM field. Then for any o € Aut(C) we have

<G(X2)CN(777 X T) > _ G(UXQ)CN(Uﬂ-a X T)
(F,F) (°F,°F')

Proof. Let us complete F' to an orthogonal basis B = {F = F|, Fy,...,F.} of Vy(m). Let
B’ ={G4,...,G,} be any orthogonal basis for Vy(?7). Given o, let 7 be as in Proposition 6.8.
Using (128), (129), and Lemma 7.2, and comparing the V(1) components, we see that

a(Cn(m,x,7)) Z w = " 2(1)Cn(%m, %, 1) Z W

Taking inner products of each side with F; (in the variable Z1) we deduce that

<UFi7 UF1> — -2 J—
C - TF(Zy) = “ Cn(°m, 9 (Z2).
0( N<W’X7T))ZO’(<F“E>) Z( 2) X (T) N( T, Xar) 1( 2)
Note that 9F} = °F} by our hyp_othesis on the Fourier coefficients of F' being in a CM field.
Comparing the coefficients of “F;(Z2) on each side and using Lemma 7.1, we conclude the
desired equality. [

7.3 The main result on critical L-values

For each p|N, we define the local L-factor L(s, m,Xx, 05) via the local Langlands correspondence
[15]. In particular, L(s, 7, X xp, 05) is just a local L-factor for GLs x GL;. This definition also
works at the good places, and indeed coincides with what we previously defined. For any finite
set of places S of Q, including the archimedean place, we define the global L-function

LS(s,m®x, 05) = [ [ L(s,mp R xp, 05)-
pEs
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Using the Langlands parameter given in Sect. 3.2 of [48] and the explicit form of the map ps
given in Appendix A.7 of [44], one finds that the archimedean factor is given by

L(s8,7oo ® X0, 05) =Tr(s+€)Tc(s+ 0+ m—1)Tc(s+ £ — 2), (130)
with I'g, I'c as in (111), and

0 if x(—1)=1, i.e. {is even;
€ =
1 if x(—1) = —1, ie. £is odd.

The completed L-function satisfies a functional equation with respect to s — 1 — s according to
Theorem 60 of [10]. Hence, the critical points of L(s, 7 Xy, 05) are precisely those integers r for
which neither L(s, moo X X0, 05) nor L(1 — s, oo W X0, 05) have a pole at s = r. Using the well
known information on poles of gamma functions, we conclude that the set of critical points for
L(s,m X x, 05) are given by integers r such that

{1<r<t—-2:r={( (mod2)}U{—4+3<r<0:r=/(+1 (mod2)}. (131)

7.4 Remark. The critical points as written above in (131) crucially use the fact that m is
even, { > 3, Yoo(—1) = (=1)’. Without these assumptions, the critical points can change.
For example, consider the case where we keep £, m as above, but assume that x is even, i.e.,
Xoo(—1) = 1. In this case, the critical points for L(s,m X x, g5) become

{2<r<{-2:r=0 (mod2)}U{—4+2<r<0:r=1 (mod?2)}, (132)
which may differ from (131).

In the following theorem, we will obtain an algebraicity result for the special value of the L-
function at the critical points in the right half plane. The analogous result for the critical points
in the left half plane can be obtained from the functional equation in Theorem 60 of [10].

7.5 Theorem. Let {,m,k be as in Section 7. Let = € II(k), and let F € V() be such that
its Fourier coefficients lie in a CM field. Let S be any finite set of places of Q containing the
infinite place, x € X, r be an integer satisfying 1 < r < ¢ —2, r = ¢ (mod 2). In the special
case that { is odd and r = 1, assume that x? # 1. Then for any o € Aut(C), we have

< LS(T77TIZX5 Q5) ) LS(T‘,O—WIEUX,Qg))

(27Ti)2k+3rG(X)3<F, F> - (27Ti)2k+3rG(aX)3<aF’ aF)‘ (133)

Proof. Let x € X. We choose some N such that F' € Viy(7) and x € X. By Proposition 7.3,

- GO LN (r,m R x, 05)
m2R=2r A LN (1 + 2, x) LN (2r, x2) LN (2r + 2,3 3)(F, F)
_ G( ) LN (r,m K 7, 05)
mAhm 2 ALN (1 + 2, 9x) LN (2, X 2) LN (21 + 2,°X?) (°F, °F)

(134)
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For any Dirichlet character ¢, we have the following fact (see [53, Lemma 5]) for any positive
integer ¢ satisfying (—1) = (—1)%

LN(t LN (¢,
@m)'G(y) /) (2mi)'G(7))
Using this (with ¢ = x and x?) and Lemma 7.1 ii), we get from (134) that
LN(T77TIXX5 Q5) LN(T7O-7T|X|UX7Q5)
: = — . (136)
(2mi)2H 3 G(x)NE F) ) (2mi)2R 37 G (0x)3(OF, °F)
For any prime p, it follows from Lemma 4.6 of [11] that
o(L(r,mp X xp, 05)) = L(r, 71, KX, 05). (137)
Hence we can replace LY by L° in (136), obtaining the desired identity. L]

7.6 Remark. In view of (131), Theorem 7.5 obtains an algebraicity result for the special value
of the L-function at all the critical points in the right half plane, except in the special case where
{ is odd and Y is quadratic, in which case our theorem cannot handle the critical point s = 1.
The reason for this omission is subtle, and is related to the fact that the normalization of the
Eisenstein series corresponding to this point involves the factor L(1,x?) which has a pole when
x? = 1. Consequently the required arithmetic results for the Eisenstein series are unavailable in
this case.

Further, as mentioned earlier, the analogous result for the critical points in the left half plane
can be obtained from the functional equation in Theorem 60 of [10)].

In summary, Theorem 7.5 (together with the functional equation) covers all the critical L-
values, except in the special case when { is odd and x is quadratic, in which case the critical
L-values at s =0 and s = 1 are not covered.

7.7 Remark. Let F be as in the Theorem 7.5. By the results of [39], we know that F = U™/?F,
where Fy is a holomorphic vector-valued Siegel cusp form. Using Lemma 4.16 of [39], we have
moreover the equality (Fy, Fo) = cgm(F, F) for some constant cg,, that depends only on ¢ and
m. By restricting to the special case of a full-level vector valued Siegel cusp form of weight
det’ sym™, and comparing Theorem 7.5 with the result of [31], we see that ¢, is a rational
multiple of 7. Hence in the theorem above, the term (F, F') can be replaced by m~™(Fy, Fp).

7.8 Definition. For two representations w1, mo in II(k), we write m & my if there is a Hecke
character 1 of Q*\A* such that m; is nearly equivalent to my ® 1.

Note that if such a 1 as above exists, then 1., must be trivial on R+ and therefore ) must
be a Dirichlet character. The relation ~ clearly gives an equivalence relation on II(k). For any
7 € II(k), let [7] denote the class of 7, i.e., the set of all representations mp in II(k) satisfying
7o ~ 7. For any integer N, we define the subspace Viy([r]) of Viy to be the (direct) sum of all
the subspaces Viy(mp) where mp ranges over all the inequivalent representations in [r] N Iy (k).
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7.9 Corollary. Let m,m € II(k) be such that m; ~ 9. Let Fy € V(m1) and F» € V(mg) have
coefficients in a CM field. Then for all o € Aut(C), we have

i ((FI,F1>> _(7RLR)
(Fy, IY) (TF5, 7 Fy)’

Proof. By assumption, there is a character v and a set S of places containing the infinite
place, such that m, ~ m, ® ¢, for all p ¢ S. We fix any character x € X. Note that
L(s,m1 X xp,05) = L(s,m1p X xp, 05) for all p ¢ S, as the representation g5 factors through
PGSp, and therefore is blind to twisting by 1. Applying Theorem 7.5 twice at the point r = ¢—2,
first with (71, F1), and then with (mg, F3), and dividing the two equalities, we get the desired
result. (]

We can now prove Theorem 1.1. For each m € II(k) we need to define a quantity C(m) that
has the properties claimed in Theorem 1.1. The first two properties required by Theorem 1.1 can
be summarized as saying that C'(7) depends only on the class [7] of w. For each m € TI(k), we
let N([r]) denote the smallest integer such that [7] N Iy () (k) # 0. Next, note that if m ~ w2,
then for any o € Aut(C), “m =~ “my. Thus for any class [r] and any o € Aut(C), we have a
well-defined notion of the class “[r] = [“7]. Let Q([r]) denote the fixed field of the set of all
automorphisms of C such that ?[r] = [x]. Clearly the field Q([r]) is contained in Q(m) for any
mo € [7]. It is also clear that N (?[r]) = N([r]) and Q(?[n]) = o(Q([n])) for any o € Aut(C).

The space Vi ((x)([7]) is preserved under the action of Aut(C/Q([r])) and therefore has a
basis consisting of forms with coefficients in Q([n]). Suppose that G is a non-zero element of
V() ([7]) whose Fourier coefficients lie in Q([r]). Then for any o € Aut(C), ?G is an element of
V(o) (?[r]) whose Fourier coefficients lie in Q(?[r]). Moreover, if o, 7 are elements of Aut(C)
such that ?[r] = 7[n], then °G = "G. It follows that for each class [r]|, we can choose a non-zero
element G € Viy((x))([7]) such that the following two properties hold:

i) The Fourier coefficients of G lie in Q([]).
ii) Ga[ﬂ] = UG[W].

We do not require that the adelization of G[;] should generate an irreducible representation.
Finally, for any 7 € II(k) we define

C(r) = (27m)2k<G[7r]7G[ﬂ']>

By construction, C () depends only on the class [r] of 7. So we only need to prove (1). The
following lemma is key.

7.10 Lemma. Let m, F be as in Theorem 7.5. Then for all o € Aut(C),

MGG,
(G, Gir) ) ("G, 7 Gla))

Proof. Write G|r) = F1+Fa+...+F; where F; € V (m;) for inequivalent representations m; € [r].
Note that the spaces V' (7;) are mutually orthogonal and hence

t t

(Gia]s Gia)) = Z<Fi7Fi>7 (“G) " Glay) = Z<0Fiyon'>-

i=1 i=1
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So the desired result would follow immediately from Corollary 7.9 provided we can show that
each F; has coefficients in a CM field.

Indeed, let K be the compositum of all the fields Q(m;). Thus K is a CM field containing
Q([]). For any o € Aut(C/K), we have G| = G|, and 7 F; € V(m;). As the spaces V/(m;) are
all linearly independent, it follows that F; = F; and therefore each F; has coefficients in a CM
field. [

The proof of (1) follows by combining Theorem 7.5 and Lemma 7.10.

7.4 Symmetric fourth L-function of GL,

Let k be an even positive integer and M any positive integer. Let f be an elliptic cuspidal
newform of weight k, level M and trivial nebentypus that is not of dihedral type. According
to Theorem A’ and Theorem C of [43], there exists a cuspidal automorphic representation m of
GSpy(A), the so-called sym? lift, such that

i) T is the holomorphic discrete series representation with highest weight (2k — 1,k + 1),
ii) for pt M, the local representation 7, is unramified,

iii) the L-functions have the following relation.
L(Sv ™, 95) = L($7 Sym4f)'

The condition that f has trivial nebentypus and even weight k is an essential hypothesis in the
results of [43]. Note that 7 corresponds to a holomorphic vector-valued Siegel cusp form Fj
with weight det*T!sym*~2. Hence, ¢ = k4 1 and m = k — 2 in this case. Let x be a Dirichlet
character in X. Since k is even, we get x(—1) = (=1)¥*! = —1, i.e., Yoo = sgn. We have

L(s,m7 X, 05) = L(s,x@sym4f). (138)

Here, on the right hand side, we have the L-function of GLj5 given by the symmetric fourth
power of f (see [28]), twisted by the character y. By Lemma 1.2.1 of [47], the archimedean
L-factor of L(s,x ® sym*f) coincides with (130) with £ = k + 1,m = k — 2, as expected. By
(131), the critical points for L(s, x ® sym*f) are given by

{-k+2,—k,...—2,0;1,3,...,k— 3,k —1}. (139)
7.11 Remark. As pointed out in Remark 7.4, the above calculation of the critical set uses the

fact that x is an odd Dirichlet character. If instead x were an even Dirichlet character (for
example if we were to take x to be trivial), then the critical set would become

{-k+3,-k+5,..,-1;2,4,,... .k — 2},
which involves a shift from (139) in each half-plane.

In the following theorem, we will obtain an algebraicity result for the special value of the L-
function at all the critical points in the right half plane, except possibly for the point 1. The
analogous result for the critical points in the left half plane can be obtained from the standard
functional equation [20] of GL5 L-functions.
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7.12 Theorem. Let f be an elliptic cuspidal newform of even weight k and trivial nebentypus;
assume that f is not of dihedral type. Let m be the Ramakrishnan-Shahidi lift of f to GSp,,
and let F' € V() be such that its Fourier coefficients lie in a CM field. Let S be any finite set
of places of Q containing the infinite place, x be an odd Dirichlet character, and r be an odd
integer satisfying 1 <r <k — 1. If r = 1, assume x? # 1. Then for any o € Aut(C), we have

Proxesmtf) \_ L5 5xsmiCh) ”
i) =283 G(x)3(F, F) ) — (2mi) %2437 G(oy)3(oF, °F)
Proof. This theorem follows from Theorem 7.5 and (138). "

Proof of Theorem 1.5. This follows similarly, only using Theorem 1.1 rather than Theorem 7.5.

7.13 Remark. As noted earlier, the hypothesis that k is even and f has trivial nebentypus is
necessary since we are using the results of [43]. The hypothesis that x is odd is a consequence
of our definition of X and ultimately goes back to our construction of the Eisenstein series
(specifically, the definition of the vector fy, from Section 5.2, which is otherwise not well-defined).

7.14 Remark. Deligne’s famous conjecture on critical values of motivic L-functions predicts an
algebraicity result for the critical values of L(s, x®sym™ f) for each positive integer m. Form = 1
this was proved by Shimura [54], for m = 2 by Sturm [59], and for m = 3 by Garrett—Harris
[16]. In the case m = 4, and f of full level, Ibukiyama and Katsurada [26] proved a formula for
L(s,sym®f) which implies algebraicity. Assuming functoriality, the expected algebraicity result
for the critical values of L(s, x ® sym™ f) was proved for all odd m by Raghuram [41]. To the
best of our knowledge, the results of this paper represent the first advances in the case m = 4
for general newforms f.

However, Deligne’s conjecture is in the motivic world and it is a non-trivial problem to relate
Deligne’s motivic period to our period in (140) which involves the Petersson norm (F, F). One
way to ask for compatibility of our result with Deligne’s conjecture is via twisted L-values.®> Let
f be as in Theorem 7.12, x1, x2 be two odd Dirichlet characters, and let r be an integer as in
Theorem 7.12. Then Deligne’s conjecture, together with expected properties on the behavior of
periods of motives twisted by Artin motives implies that (see [12, Conjecture 7.1]):

L T, S m4 G 3
L;ET, ii; 2 S§m4;§G8§?;3 € Q(fv X1, XQ)- (141)

On the other hand, (141) is also an immediate consequence of (140). This shows the compati-
bility of Theorem 7.12 with Deligne’s conjecture.

Finally, we note that Theorem 7.12 does not cover the case of dihedral forms; however,
Deligne’s conjecture is known for all symmetric power L-functions of a dihedral form as explained
in Section 4 of [42].

A Haar measures on Sp,,(R)

This appendix will furnish proofs for the constants appearing in the integration formulas (27)
and (88). The symbol K denotes the maximal compact subgroup Sp,, (R) N O(2n) of Spy, (R).

5We thank the referee for pointing this out to us.



A HAAR MEASURES ON Sp,, (R) 44

A.1 The KAK measure

Recall that we have fixed the “classical” Haar measure on Sp,,, (R) characterized by the property
(12). There is also the “K AK measure” given by the integral on the right hand side of (27).

A.1 Proposition. The constant o, in (27) is given by

4 )n(n+1)/2
= (nﬂ)—' (142)
Ilrn:1(7n’__ 1)'
Proof. The proof consists of evaluating both sides of (27) for the function
e 22nk
F = . 143
(&30 |det (A+ D +i(C — B))[?* (143)

Note that this function is the square of the absolute value of the matrix coefficient appearing
n (68). Hence the integrals will be convergent as long as & > n. The function f(Z) on H,
corresponding to F' is given by

f(Z2) = F([l )f] [Yl/Q Y—I/Q])
22nk
B |det (Y1/2 4 Y—-1/2 — i XY ~1/2)|2k
_ 221k det(Y)*
T |det (1, +Y —iX)[2*’

(144)

Hence, by (12),

det( )k—n—l
F(g)dg = 2*"* / dX dY. 145
/ (9) |det (1, +Y —iX)[?k (145)
Sp2n(R) H"
We now employ the following integral formula. For a matrix X, denote by [X], the upper
left block of size p x p of X. For j = 1,...,n let A\j,0,7; be complex numbers, and set
Ant1 = Ont1 = Tnt1 = 0. Then, by (0.11) of [37],

n det[y]}? A+

/ H e ————det(Y) "V dx dy
K det[l, +Y +iX]7 " det[l, + YV —iX] VT

B ﬁ 22=om=TmAn=—m gm (N (n+m)/2)T(om + Tm — Am — (n —m)/2)
C(om — (n—m)/2) T (1 — (n—m)/2) ’
provided the integral is convergent. We will only need the special case where all \; are equal to

some A, all o; are equal to some o, and all 7; are equal to some 7. In this case the formula says
that

(146)

m=1

det(Y) _
det(Y)~" ("D aXx dy
/ det(L, £V X7 det(l, 7 v —ix)7 2et¥)

Hy,
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_ g (o) ntn(n+3)/2_n(n+1)/2 ﬁ P —(n+ m)/2))/(20)+(7 _ ?n_—(:;)_/;;)/m' (147)

If we set A = 0 = 7 = k, we obtain precisely the integral (145). Hence,

m=1

CY/F(g)dg on(n+3)/2 - +1/21_[1 = (n—m)/2)

— on(n+2) n(n+1)/2 14
I ST
7).

Next we evaluate the right hand side RHS of (2
Proposition 5.5, we obtain

RHS = 2" @-2))([[4) . (149)
[(IL c-)(11)

with 7" as in (70). Thus, by Lemma 5.4,

n m

RHS = 0,2" [[ (m— D! . y (150)

et j:12k—n—m—2+2]

With the same calculation as in the proof of

Our assertion now follows by comparing (148) and (150). "

A.2 The Iwasawa measure

In this section we will prove the integration formula (88) in the proof of Lemma 5.6. It is well
known that the formula holds up to a constant, but we would like to know this constant precisely.

Let T be the group of real upper triangular n x n matrices with positive diagonal entries.
Then T'= AN;, where A is the group of n x n diagonal matrices with positive diagonal entries,
and N7 is the group of n x n upper triangular matrices with 1’s on the diagonal. We will put
the following left-invariant Haar measure on T,

/¢ dh—2”//¢ an) dn da, (151)

A N

where dn is the Lebesgue measure, and da = % . d“" for a = diag(ay,...,a,). Let Py be the
set, of positive definite n x n matrices. We endow P+ Wlth the Lebesgue measure dY, which also

occurs in (12).

A.2 Lemma. The map
a: T — Py, h+— h'h (152)

is an isomorphism of smooth manifolds. For a measurable function ¢ on P, we have

/gp(hth) dh = /cp(Y) det(Y)™"2" dY. (153)

T Py
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Here dh is the measure defined by (151), and dY is the Lebesgue measure on the open subset
P, of Sym,, (R).

Proof. By Proposition 5.3 on page 272/273 of [23], the map (152) is a diffecomorphism. The proof
of formula (153) is an exercise using the tranformation formula from multivariable calculus. m

A.3 Proposition. Let dh be the Haar measure on Sp,, (R) characterized by the property (12).
Then, for any measurable function F' on Sp,, (R),

/ F(h dh—2”///F (ank) dk dn da, (154)

Span (R) AN K
where N is the unipotent radical of the Borel subgroup, dn is the Lebesgue measure, A =
{diag(a1,...,an,a7t,...,;a;") : ay,...,a, > 0}, and da = daall C?Tn

Proof. Tt is well known that the right hand side defines a Haar measure d’'h on Sp,,(R). To
prove that d’h = dh, it is enough to consider K-invariant functions F. For such an F, let f
be the corresponding function on H,,, i.e., f(gI) = F(g). Let N1 and N3 be as in (90), so that
N = NiNs. By identifying elements of A and N7 with their upper left block, our notations are
consistent with those used in (151). We calculate

/ g—Q”////F (aningk) dk dng dny da

A N1 Ny K

= 2"///F(n2an1)det(a)_("+1) dng dn, da.

A Ni Na

In the last step we think of a as its upper left n x n block when we write det(a). Continuing,

we get
/ F(g)dg=2" / / / Xlany) det(a)~ "V dX dny da
G

A Ni Sym,,(

// / F(X + any 1) det(a) "D dX dny da

A N1 Sym,,(

_2"// / F(X + i(ant) (ans)) det(@)~®+D dX dny da.

A N1 Sym, (R)
In the last step, again, we identify a and n; with their upper left blocks. By (151), we obtain
/ d'g —/ / F(X +ih'h) det(R)~ Y dX dh
T Sym,, (R)

:/ / FX +ihth) det(h'h)~ "3 dX dh

T Sym,, (R)
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=/ / F(X +4Y) det(Y)~ D) gx dY.
Py Sym,, (R)

where in the last step we applied Lemma A.2. Using (12), we see [ F(g)d'g = [ F(g)dyg, as
G G

asserted. n
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