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Abstract

We prove the expected algebraicity property for the critical values of character twists of the
standard L-function associated to vector-valued holomorphic Siegel cusp forms of archimede-
an type (k1, ko, ..., ky), where k,, > n+1 and all k; are of the same parity. For the proof, we
use an explicit integral representation to reduce to arithmetic properties of differential oper-
ators on vector-valued nearly holomorphic Siegel cusp forms. We establish these properties
via a representation-theoretic approach.
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1 Introduction

The arithmetic of special values of L-functions is of great interest in modern number theory. A
central problem here is to prove the algebraicity and Aut(C)-equivariance (up to suitable periods)
of critical L-values. For classical cusp forms on the upper-half plane, Shimura [28, 29, 30] and
Manin [20] were the first to study the arithmetic of their critical L-values in the 1970s. In
this paper, we focus on twists of standard (degree 2n + 1) L-functions of vector-valued Siegel
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cusp forms of degree n; these correspond to L-functions L(s,II X x) on GSp,,(Ag) x GL;i(Aq)
such that Il is a holomorphic discrete series representation. The first results in this case were
obtained over forty years ago with the works of Harris [13] and Sturm [33] who (independently)
proved the expected algebraicity results for II corresponding to a scalar-valued Siegel cusp form
of full level and xy = 1. Subsequent works on the critical L-values of Siegel cusp forms by various
authors [3, 5, 7, 17, 22, 32] have strengthened and extended these results in various directions.
Nonetheless, a proof of algebraicity of critical L-values for holomorphic forms on GSp,,, x GL;
in full generality has not yet been achieved. The case n = 2 has now been largely resolved by a
recent result [25, Theorem 1.1]. For general n, one can parameterize the possible archimedean
types Il by n-tuples of positive integers (k1, k2, ..., ky), where k1 > ko > ... > k,. If II is
associated to a scalar-valued Siegel cusp form, we have k1 = ko = ... = k,; this case is now
essentially solved by the succession of works cited above. The major stumbling block is the
general vector-valued case, where the various k; may not be equal. It was proved by Kozima [17]
that the expected algebraicity property holds for the critical values of the (untwisted) standard
L-function of a vector-valued Siegel cusp form of full level and archimedean type (k,¢,¢,... /)
with k, £ even and k > ¢ > 2n+2. Here we prove the conjectured algebraicity property of critical
L-values for more general archimedean types, general ramifications, and twists by characters.

1.1 Theorem. (Theorem 4.7) Let II be a cuspidal automorphic representation of GSp,,, (Ag)
whose archimedean component Il is the holomorphic discrete series representation with highest
weight (ki, ko, ..., k,), where the k; are integers of the same parity and ky > ko > ... > k, >
n+1. Let S be a finite set of places of Q including oo such that Il,, is unramified for p ¢ S. Let
F' be a nearly holomorphic Siegel cusp form of scalar weight ki with Fourier coefficients lying in
a CM field such that' (the adelization of) F generates an automorphic representation I whose
local component I, is twist-equivalent to II,, for all p ¢ S. For each Dirichlet character x such
that Yoo = sgn® and each integer r such that 1 <r <k, —n, r = k, —n (mod 2), define

L5 (r,TIK x)

D(H7 XT3 F) = ,L'klﬂ-nk1+n7“+7"g(x)n+l<F, F> '

In the special case 7 = 1 we also assume that x? # 1. Then o(D(II, x,r; F)) = D(°IL, %, r; °F)
for o € Aut(C); in particular D(II, x,r; F') lies in a CM field.

Above, G(x) denotes the Gauss sum and the notation L indicates that we omit the local
L-factors corresponding to places in S.

1.2 Remark. The set of critical points for L(s,II X x) in the right-half plane are given by
integers r such that
{1<r<k,—n:r=k,—n (mod2)}. (1)

Thus, Theorem 4.7 includes all the critical points in the right half-plane except in the special
case that k, =n + 1 (mod 2) and x is quadratic, in which case our theorem cannot handle the
critical point s = 1. The reason for this omission is subtle, and is related to the fact that the
normalization of the Eisenstein series corresponding to this point involves the factor L(1,x?)
which has a pole when x? = 1. Consequently the required arithmetic results for the Eisenstein

1We show in Section 4.1 that an F satisfying these properties always exists.
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series are unavailable in this case. We also note that the critical points in the left half-plane are
related to those in the right-half plane via the global functional equation (which is known by
Theorem 62 of [8]).

Classically, the automorphic representation II in Theorem 1.1 arises from a V-valued holo-
morphic Siegel cusp form G on H,, such that G(vZ) = p(J (v, Z))G(Z) for all - in some principal
congruence subgroup of Spy,, (Z), where (p, V') is the finite-dimensional representation of GL,,(C)
with highest weight (ki,ko,...,k,). (We refer to such G as vector-valued holomorphic Siegel
cusp forms of archimedean type (ki,k2,...,k,).) The vector-valued holomorphic form G is
related to the scalar valued nearly holomorphic form F' via certain differential operators.

Theorem 1.1 is an instance of a reciprocity result for the critical L-values in the spirit of a
famous conjecture due to Deligne [9]. However, Deligne’s conjecture is in the motivic world and
it is a non-trivial problem to relate Deligne’s motivic period to our period (F, F') appearing in
Theorem 1.1. One way to observe the compatibility of our result with Deligne’s conjecture is
via ratios of L-values (which eliminates the periods involved). In that direction, Theorem 1.1
implies the following consequence of Deligne’s conjecture.

1.3 Corollary. Let ky > ko > ... > k, > n + 1 be integers, where all k; have the same
parity. Let II; and Il be irreducible cuspidal automorphic representations of GSps,(Ag)
such that 11y oo ~ Il3 o is the holomorphic discrete series representation with highest weight
(k1,k2, ..., ky). Suppose that for almost all primes p, the representations II; ;, and Ily, are
twist-equivalent,? i.e., there exists a character v, of Q, satistying 11y ,, > TIp , ® (¢ 0 1), where
pin is the multiplier homomorphism from GSp,,,(Qp) — Q,. Let S be a finite set of places includ-
ing oo such that II; , and Il ), are unramified for p ¢ S. Then, for primitive Dirichlet characters
X1, X2 such that X100 = X200 = sgnk’l, and integers r1, T9 such that 2 < ri,ry < k, —n,
r1=ry =k, —n (mod 2),

L5 (r, 11 B 1)
7-‘-(71—&-1)(7"1 —rz)LS (7’2, I, X XZ)

lies in a CM field. (2)

In the rest of this introduction we explain briefly the key ideas in our proof of Theorem 1.1.
The starting point here is an explicit integral representation (or pullback formula) proved in [25,
Theorem 6.4]. This formula roughly says that

<E ([* %), ””;’fl) , F> ~ LS (r, TIR x) F(Zs) (3)

where E(Z, s) is a certain Eisenstein series on Hy,, of weight k1, the function F on H,, corresponds

to a smooth modular form of weight k; associated to a particular choice of archimedean vector

Z1

inside I, the element [ Z2:| of H,, is obtained from the diagonal embedding of H,, x H,,,

the Petersson inner product ( , ) is taken with respect to the Z; variable, and the symbol
~ indicates that the two sides are equal up to some (well-understood) explicit factors. The
Eisenstein series E(Z,s) arises from the degenerate principal series obtained by inducing the
character [A vtix(*l} — (v det(A)) v det(A)[>TF of the Siegel parabolic of GSp,,,; we also
refer the reader to [25, (120)] for an explicit formula for E(Z,s) (denoted Ej \(Z, s) there).

2This essentially means that the two representations are equivalent when restricted to Sp,,, (Qp).
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Using the shorthand k = (k1, k2, ..., ky), we prove in Section 3 that F' = Dy (G) where G is
the vector-valued holomorphic Siegel cusp form on Hl, of archimedean type k mentioned earlier,
and Dy is a certain differential operator obtained from a Lie algebra element.

Via a linear algebra argument, the proof of Theorem 1.1 can now be reduced to the heart of
this paper, which is to show the Aut(C)-equivariance of Dy when viewed as an operator on the
space of nearly holomorphic cusp forms. This equivariance is a priori not clear, as this operator
is defined abstractly. To achieve this, we re-interpret the space of nearly holomorphic modular
forms of degree n in the representation theoretic language, generalizing our work in the n = 2 case
done in [26]. After laying the necessary Lie-algebraic foundations in Section 2, we show in Section
3.2 that the space of (vector-valued) nearly holomorphic modular forms can be identified with the
space of p_-finite automorphic forms, where p_ (see Section 2.1) is the span of the non-compact
negative roots of Spy, (R). We go on to define the operator Dy representation-theoretically by
choosing suitable Lie algebra elements; the crucial Aut(C)-equivariance property of this operator
(Proposition 3.20) is proved via a careful arithmetic analysis of the Lie algebra. A novel aspect
of our methodology is that we expand the domain of functions under consideration from nearly
holomorphic modular forms to functions which have a Fourier expansion involving polynomials
in Im(Z)i% (see Section 3.3). Along the way, we prove several new results concerning nearly
holomorphic Siegel cusp forms and p_-finite automorphic forms, including a structure theorem
(Proposition 3.2) and a finiteness result for the dimension of the space of all nearly holomorphic
cusp forms of given level and archimedean type (Proposition 3.4). These results shed new light
on nearly holomorphic forms from the representation-theoretic point of view and should be of
independent interest.

Our approach differs from previous works in the direction of Theorem 1.1 in the vector-
valued setup such as [17]. There one works directly with holomorphic vector-valued Siegel cusp
forms and invokes vector-valued Eisenstein series, relying on arithmetic properties of differential
operators on tensor products of vector-valued functions [4, 16]. The relevant pullback formula
for that approach has been recently worked out in more generality by Liu [19, 18]. In contrast,
our pullback formula (3) involves only scalar-valued (nearly holomorphic) forms and our differ-
ential operators correspond to elements of the universal enveloping algebra of the Lie algebra of
Spy, (R). Thus, our proofs of the algebraicity theorems hinge on understanding the arithmetic
properties of nearly holomorphic cusp forms and of the relevant elements in the Lie algebra. A

byproduct of our method is an explicit formula for the scalar-valued function E( [Z ', } , T*gfk )

— whose p-integrality properties were recently proved by us in [23] — as a bilinear sum over
nearly holomorphic Siegel cusp forms, with the coefficients equal to critical values of L-functions
(see (64), (69)). We hope to pursue further arithmetic applications of this formula elsewhere.
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1.1 Notation

For any ring R, we let M,,(R) denote the ring of n-by-n matrices over R. We let M; ™ (R)
denote the submodule of symmetric matrices. For a commutative ring R, we let

GSPon(R) = {9 € GLan(R) | '9Jng = pin(9)Jns pnl9) € R}, Ju=[_, ™].

The symplectic group Sp,,, (R) consists of those elements g € GSp,,,(R) for which the multiplier
tn(g) is 1. We let I'gp, (V) C Sps,(Z) be the preimage of the identity element in Sps,,(Z/NZ)
under the natural surjection Spy,,(Z) — Spg,(Z/NZ).

The Siegel upper half space of degree n is defined by

H,={Z € M,(C) | Z="Z, i(Z — Z) is positive definite}.

For g = [A B] € Spy,(R), Z € Hy, let J(g,Z) = CZ+D. For a finite dimensional representation
(p,V) of GL,(C), a function f € C*(H,,V), and g € Sp,y,(R), we define the function f|,g €
C>(Hy, V) by (flp9)(Z2) = p(J (9, 2))~" f(92).

We let g, = spy, (R) be the Lie algebra of Sp,, (R) and g, c = sp,,,(C) the complexified Lie
algebra. We let U(g,, c) denote the universal enveloping algebra and let Z,, be its center. For all
smooth functions f : Sp,,,(R) — V where V' is a complex vector space, and X € g,, we define
(Xf)g) = %‘0 f(gexp(tX)). This action is extended C-linearly to g, c. Further, it is extended
to all elements X € U(g, c) in the usual manner. Unless there is a possibility of confusion, we
will omit the subscript n and freely use the symbols g, gc, U(gc), Z, etc.

We let A = Ag denote the ring of adeles of Q. The symbol | denotes the set of finite places
(i.e., primes) of Q and the symbol A; denotes the finite adeles. We define automorphic forms and
representations as in [6]. All our automorphic representations are over A and all our L-functions
are normalized so that the expected functional equation takes s — 1 —s. All automorphic repre-
sentations are assumed to be irreducible. Cuspidal automorphic representations are assumed to
be unitary. Each cuspidal representation m of G(A) is isomorphic to a restricted tensor product
®my, where 7, is an irreducible, admissible, unitary representation of G(Q,). Given an auto-
morphic representation 7 and a set of places S of Q, we let L5(s,7) = HU¢S L(s,m,) be the
associated global L-function where the local factors coming from the places in S are omitted.
For a positive integer N, we denote L (s,m) := L5V(s,7) where Sy consists of the primes
dividing NV and the place oc.

We say that a character x = [[x, of Q*\A* is a primitive Dirichlet character if x is of
finite order, or equivalently, if x~ is trivial on Rsg. We let cond(x) denote the conductor of
such a y, and we identify cond(y) with a positive integer. A primitive Dirichlet character y
as defined above gives rise to a homomorphism x : (Z/cond(x)Z)* — C*, via the formula
x(a) = Hp|cond(x) ijl(a), and the association x — Y is a bijection between primitive Dirichlet

characters in our sense and in the classical sense. We define the Gauss sum G(x) by G(x) =

Y ne( cond(yz)< X ()€ eondt),

For a complex representation 7w of some group H and an automorphism o of C, there is a
complex representation “w of H defined as follows. Let V' be the space of 7 and let V' be any
vector space such that ¢ : V' — V' is a o-linear isomorphism (that is, t(v; + va) = t(v1) + t(v2)
and t(Av) = o(\)t(v)). We define the representation (“m, V') by “n(g) = tom(g) ot~L. It can
be shown easily that the representation “m does not depend on the choice of V'’ or t. We define
Q(7) to be the fixed field of the set of all automorphisms o such that 7 ~ 7.
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2 Lie algebra action and differential operators

Throughout this section, n will be a fixed positive integer. In this section, we will obtain
some information on the action of the Lie algebra of Spy, (R) and the corresponding differential
operators acting on functions on the Siegel upper half space. We will also explain the relation
between functions on the Siegel upper half space and on the group Sp,, (R).

2.1 Basics on the Lie algebra of Sp,,(R)

Recall that g is the Lie algebra of Spy, (R). Let K denote the maximal compact subgroup of
Span (R) consisting of matrices of the form [ ‘% §]. We identify Ko, with U(n) via [ 5 5] —
A+ iB. Let € be the Lie algebra of K, and £¢ denote the complexification of €. Then we have
the Cartan decomposition

gc = tc D pe,
for some subspace pc of gc. The complex structure of Sp,,, (R)/K determines the decomposi-
tion pc = p4 @ p_ satisfying (see [31, p. 245))

tc,p+] = b+, [prope] =l p-]=0, [p+,p-]=tc. (4)

The explicit description of p is given in [31, p. 260] as follows. Set T := M;*™(C). As in [31,
p. 260], we define the C-linear isomorphisms ¢+ from 7' to p1 by

b(u)=L[F 2] epy foruel. (5)

Let e; ; be the n x n matrix whose (i,7)™" entry is 1 and all others are 0. For 1 < 4,5 < n, we

define, as in [21],

—7 j:A
B . — 3(eij—eji) S (eij+esi) Br B — 3(eijtesi) Fleijtes) (6)
GBI e itesi) Elesi—ejq) |V +0, = PEgi = Eie; i+ejs) S(eijteid) |
s(€ijteji) F(€ij—€ji 5 (€ijte;i) 5 (€ij1€j5

Then {B;; : 1 <1i,j <n}is a basis for tc and {E4+;;:1<i<j<n}is a basis for p.

A Cartan subalgebra hc of ¢ (and of gc) is spanned by the n elements B;;, 1 < i < n. If
A is in the dual space b, we identify A with the element (A(By,1), A(B2y2), ..., A(Bnn)) of C".
In this way we identify b with C". If ¢ acts on a space V, and v € V satisfies B; ;v = A\;v for
A= (A1, Ag,...\,) € C", then we say that v has weight \.

We let A = Z™ C b be the weight lattice, consisting of the integral weights. Let V' be a finite-
dimensional £c-module. Then this representation of ¢ can be integrated to a representation
of K if and only if all occurring weights lie in A. The isomorphism classes of irreducible
tc-modules, or the corresponding irreducible representations of K, are called K. -types.

We take a system of positive roots to be

" ={e;—ej|1<i<j<njU{ei+e|1<i<j<n},

where e; is the element of C" with 1 in the ’th position and 0 everywhere else. (Concretely,
ei(Bjj) = 0; ;). The positive compact roots are {e; —e; | 1 <1i < j < n}, and the corresponding
root vectors are {B; ; | 1 <i < j < n}. Let V be a Ko-type, which we think of as a £c-module.
A non-zero vector v € V is called a highest weight vector if

B;jv=0forall<i<j<n.
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Such a vector v is unique up to scalars. Let k = (k1, ko, ..., ky) be its weight. Then the k; are
integers and k; > ko > ... > k,; we say that k is the highest weight of V. We let AT C A be
the set of tuples k = (kj, k2, ..., k,) such that each k; € Z and ky > ko > ... > ky. Then the
elements of AT parametrize the irreducible representations of K, via their highest weights, as
above. We let AT consists of those k = (ki,...,k,) € AT with k, > 1.

2.2 Generators for the center of the universal enveloping algebra

For notational convenience we define matrices B, £, , F_ with matrix valued entries as follows:
B = (Br ke € Mp(M2n(C)),  Ex = (Bxpe)ke € MY™ (M2, (C)).

Let B* = (B )k be the transpose of B. We consider words in the “letters” B, B*, E, and

E_ satisfying the following five conditions?.

1. E; is followed by E_ or B*.

2. E_ is followed by E; or B.

3. B is followed by Ey or B.

4. B* is followed by E_ or B*.

5. E4 and E_ occur with the same multiplicity.

For a word w = X3 - - - X, we denote by Tr(w) the trace as the Ms,(C)-valued matrix, which
we identify with an element of U(gc). Let L(w) equal the sum of the number of times F_ B and
BE. occur isolatedly in w counted cyclicly. By isolatedly, we mean that the E_B and BE,
concerned must not intersect each other, so, for e.g., L(E_BE{B*) =1 but L(E_BBE) = 2.
And cyclically means that we have to take into account that the trace is cyclically invariant, so,
e.g., L(EyE_BB)= L(E_BBE,) = 2. The following theorem is the main result of [21].

2.1 Theorem. (Theorem 2.2 of [21]) For r € Z~q, put

Dy = 3 (~1) ") Tr(w),

w

where the sum is over all words w of length 2r satisfying the conditions (1) to (5) above. Then
the center Z of U(gc) is generated by the n elements Do, ..., Dy, as an algebra over C.

For our purposes, we will only need the following corollaries of the theorem above.
2.2 Corollary. Let 1 < r < n, and let Do, be as in Theorem 2.1. Then there exists an

expression of the form

t
Dy, = Z cHD .. HT(Z?)XY) . .Xz(é)yl(’) . .yq(ii)ESf?l e E-(I—Z)SIE(—Z)I e E(—Z)sl
i=1

3Conditions 1-4 do not apply to the last letter of a word.



2 LIE ALGEBRA ACTION AND DIFFERENTIAL OPERATORS 8

Above, t € Z~o, and for each i, we have c¢; € Z, p;, ¢, Ti, Si € Z>o. Moreover, each H,gi) is equal

to B, q for some a, each X,gi) is equal to B, for some a < b, each Yk(i) is equal to B, for some

a > b, each ng)k is equal to some F .3, and each E(_i)k is equal to some E_ ;.

Proof. Using Theorem 2.1, we can write Do, as a Z-linear combination of words in By «, Ey « «,
and F_ , . where there are an equal number of £ , ., and F_ , , in each word. We now use the
Lie bracket relations (see Section 1 of [21]):

(Bt Eypel =0, [E_ij, E_ ke =0,

(Bt gy B kel = 0ixBje+ 654Bik + 0i0Bjr + 05k Biy
[Bij, By kel = 651 Ey 0+ 050E ik
[Bijs Bkl = —6ix B jo—i0ljk
[Bij; Bre] = 0jxBi — 05 4By,

to make the following moves on each word. First we move all the F_ , . elements one by one to
the right so that they make a block at the end. Then we move all the F , . to the right so that
they end up just before the E_ , . part. Note that these two steps do not affect the equality of
the number of E, , ., and E_ , . elements. Then we move all the B,j,a > b elements to the
right of the other B, , elements so that they end up just before the E , . part. (Note by the
relations above that no new E ., or E_, , elements are generated by this step.) Finally we
move the B, a < b elements to the right of the B, , elements. This brings each word to the
desired form. [

2.3 Corollary. There exists an expression of the form

- qi

¢
Dy, = Z CiE-(if,)l e Eﬁ,)siE(l)l e E(—Z,)siH:El) e Hﬁf)XY) e ngj)yl(’) LY@,
i=1

where ¢; € 7., and H,(ci), X,gi), By, Yk(i), E(j)k and E(j)k are elements of g with the same meanings

as in Corollary 2.2.

Proof. This follows from the expression obtained in Corollary 2.2, by moving the B, ; elements
to the very right, using the Lie bracket relations. [

2.3 Differential operators

Recall that H,, is the Siegel upper half space of degree n. Let (p,V) be a finite dimensional
representation of GL,(C). Recall that T = {u € M, (C) | 'u = u}. Let {€,}, be any R-rational
basis for T'. For v € T', write u = )  u,€, with u, € C, and for z € H,, write z = ) z,€, with
z, € C.

For a non-negative integer e, let S¢(T, V') denote the vector space of all homogeneous poly-
nomial maps 7' — V of degree e. Note that So(7,V) = V. We can identify S.(7, V) with the
symmetric elements in the space Ml (T, V') of e-multilinear maps from 7 to V (see Lemma 12.4
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of [32]). We define two representations of GL,,(C) denoted by p ® 7¢ and p ® 0¢ on Ml (T, V)
as follows. For h € Ml.(T,V), (u1,--- ,ue) € T and a € GL,(C), define

[(p® 1) (a)h)(u1, - ,ue) := p(a)h(*aura, -, avea),

[(p®c®)(a)h](u,--- ,ue) = pla)h(a tuita™, - a " ula™).
We will denote the restriction of p ® 7€ and p ® o€ to S¢(7, V') also by the same notation.

Given f € C*(H,,V) we can define the functions Df, Df,Cf, Ef in C*(H,, S1(T,V)) as
follows.

((DHE)W) = Y ugt @) (PNE)W) = Y ugl () ()
(CHE) W) = 4(DHE) ), (EF(E)w) = 4((DF()) (yuy). (®)

Here, u = (u,) € T,z = (z,) € H,, and y = Im(z). These are exactly the formulas defined in [32,
p. 92] with £(z) = n(2) = 2y in our case. For 0 < e € Z, we can define D°f, D°f, C°f and E°f
recursively, and these take values in Ml.(7,V). For f € C*(H,,V), let p(E)f € C*(H,,V)
be the function defined by z — p(2y)f(z). More generally, for f € C*(H,,Ml.(T,V)), let
(pa7°)(E)f € C®(H,,Ml.(T,V)) be the function defined by z — (p® 7¢)(2y)(f(z)). We then
define DSf € C*(H,, S.(T,V)) by

Dof = (pa7)(E) " H(C(p(E)))). (9)
The following is Proposition 12.10 of [32].

2.4 Proposition. 1. We have D™ = Dge D¢ = D%y D,
2. For f € C*(H,,V) and a € Spy,, (R), define the slash action by

(floa)(2) := p(J(@,2) " f(az).
Then, for all & € Sp,,,(R), we have

Dy(flp) = (Dpf)lpgrec,  E°(flpa) = (E°f)|pgoea.

2.4 The relationship between elements of U/(gc) and differential operators

Let (p,V) be a finite-dimensional representation of GL,,(C) and let f € C*°(H,, V). Define
f? € C=(Spy,(R), V) by

f(9) = (flpg)(iln). (10)
Note that if f is a modular form with respect to a discrete subgroup I' of Sp,,(Q), i.e., if
flpy = f for all v € I', then f* is left I'-invariant. Recall the maps ¢+ defined in (5) which map
u € T to t+(u) € pt. The elements of p4 act on functions on Sp,,(R) in the usual way. Given
any collection {e1,...,e.} of symbols £, we get a map from Sp,,,(R) to M1.(7, V) as follows

T¢3 (ub .. .,ue) = ([’El(ul) cee Lse(ue)fp) (g)v g€ Sp2n(R)'

The following proposition gives the relation between the above action of p1 on V-valued functions
on the group and the differential operators D, and E acting on V-valued functions on the Siegel
upper half space.
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2.5 Proposition. Let (p,V') be a finite dimensional representation of GL,(C). Let f be in
C*(H,,V) and let fP € C*(Spy,(R),V) be the corresponding function defined in (10). Let
ul,...,ue €T, and g € Spy, (R).

1. We have

€

(DEFPZ™ () (was - - we),
(BF)P57 (g)(u, - . ue).

(4 (ur) ey (ue) f7)(9)
(e~ (ur) e (ue) f7)(9)

2. Set DY =D,, D, =FE,y" =7 and p~ =o0. Letey,...,ec € {x}. Then

(tey (ur) - 1, (ue) f7)(9)

€ £
= (,nyé@u%@...@umDfﬁ@#%@...@gue T ,D,E)ef)p&u e (g)(ul’ cee 7ue)-

Proof. Part 1 follows from [31, Proposition 7.3], part 1 of Proposition 2.4, and E¢*! = EE°.
For part 2, we proceed inductively in e. If e = 1, it is already proven in part 1. Put

P— 82 ... Ee
F =D csoopee - D F-

By the induction hypothesis,

FOSHO O () (- ue) = ey (1) e, (1) ()

and by the e =1 case,
ley (ul)FP®us2®...®,uee (g) — (D/E?élf?@“@use F)P@Mﬁl ®---Q@use (g) (Ul) (11)

Note that FPEH>@ 81 jg a Ml,_1(T, V)-valued function on Sp,, (R). By substituting the tuple
(ug,...,ue) € T !into (11), the right hand side equals

(DL er gippuee )P0 (g) () (uay - e
= (DZé@MEQ(@m@MEEF)p@'LL 1@"'@# ‘ (g)(u17 'UQ, cty ue)-

This equals
(D;@M@®,,.®M56DZ§®ME3®M®M€€ . .D/‘E)ef)”@)“sl®"'®“Ee (@) (ug, ..., ue).
The left hand side of (11) becomes

(tey (ug) FPERZECH) (g) (un, oy te) = by (un) (FPEE O () (uz, - ue))

= tey (Un)tey (U2) -+ - te, (ue) f7(9)-

This concludes the proof. [



2 LIE ALGEBRA ACTION AND DIFFERENTIAL OPERATORS 11

2.5 Scalar and vector-valued automorphic forms

Let ' be a congruence subgroup of Sp,,,(Q) and let V' be a finite dimensional complex vector
space. We let A(I"; V') denote the space of V-valued automorphic forms on I'\Sp,, (R), i.e.,
the space of smooth V-valued functions on Sp,,(R) that are left I'-invariant, Z-finite, K-
finite and slowly increasing. Let A(T';V)° C A(I'; V) be the subspace of V-valued cusp forms.
Let A(T) := A(I';C) and A(T')° := A(I';C)° denote the usual spaces of (complex valued)
automorphic forms and cusp forms on I'"\Sp,, (R).

Let (p, V') be a rational, finite dimensional representation of GL, (C). We will abuse notation
and use p to denote its restriction* to U(n), as well as use p to denote the corresponding
representation of Ko via the identification Ko = U(n) given by [ ‘5 §] — A +iB, as defined
earlier. Concretely, for g € Ko, the element J(g,il,) belongs to U(n) and our identification
means that p(g) = p~(u(g)) = p(J(g,il,)) for g = [_AB B] € Ko, where the involution g on
K corresponds to complex conjugation on U(n) and the anti-involution ¢ on K, corresponds

to the transpose on U(n), ie., g = [4 “P], «(9) = j{‘B iﬁ

by ¢, is an anti-involution of gl,,(C) and of ¢c, and it extends naturally to an anti-involution of
their respective universal enveloping algebras.
Given f € C*°(H,, V), the function f” defined in (10) satisfies

fr(gk) = p(u(k))f*(9) (12)

for all ¢ € Spy,(R), k € Ko. We will abuse notation and also use p to denote the derived
representation of gl,,(C) ~ ¢, i.e., for X € gl,,(C), we denote

}. The derived map, also denoted

p(X)0 = | plexp(tX))o (13)

This action extends to U(gl,,(C)) ~ U(tc). It can be checked that if f# € C°°(Spy,(R),V)
satisfies (12) then it also satisfies

(X f)(g) = p(t(X))(f"(9)) (14)

for X € U(tc) and g € Spy,(R).

We fix once and for all a rational structure on p, i.e., we fix a Q-vector space Vg such that
Vo ® C =V and such that the representation p restricts to a homomorphism from GL,(Q) to
GLg(Vo)-

We define

A, (D) ={f € AT V) | f(gk) = p(ue(k))f(g) for all k € Kso}, Ay =A,(T) NA;V)°.

Recall here that p(c(k)) = p~1(J(k,il,)).

We consider the following general result.

2.6 Lemma. Let G be a group, K a subgroup, (o,V) a finite-dimensional, irreducible repre-
sentation of K, and let f : G — V be a function satisfying

f(gk)=o(k)" f(g) forallge G, ke K.

4Recall that the restriction functor is an equivalence between the categories of rational, irreducible, finite
dimensional representations of GL,(C) and U(n).
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Let (6,V) be the contragredient of (o, V).
1. The K-module spanned by the right K-translates of f is isomorphic to dim (V') copies of 6.

2. Let L be any fixed non-zero linear map from V to C, and define the C-valued function
foon G by fo := Lo f. Then the K-module spanned by the right K-translates of fy is
isomorphic to &.

Proof. For part 1, let W be the space spanned by all right K-translates of f. For L € V, we
define a map ay, : W — V by

QL(Zsz(kz)> = ZCZOA'(/%)L (Ci S C, kz‘ S K)

1

It is easy to verify that o is well-defined, linear, non-zero if L # 0, and satisfies
ar(kw) =o6(k)ap(w) forallw e W, k € K,

where k.w means right translation. Hence, if L # 0, then «y is a surjection W — V that
intertwines the right translation action on W with &. We claim that the linear map

V — Hompg (W, V), L+— ay, (16)

is an isomorphism. Clearly, it is injective. To see the surjectivity, let 5 : W — V be an
intertwining operator. Set L := (f). Then it is easy to see that § = «af.

We proved that W contains n := dimV = dimV copies of &. To see that W contains no
other representations, let L1, ..., L, be a basis of f/, and consider the map

W—Vx...xV (n copies), (17)

w— (ap, (w),...,ar, (w)),

It is straightforward to verify that this map is injective. Considering dimensions, we see that
the map (17) is in fact an isomorphism, and that W consists of n = dim V' copies of V as a
K-module.

For part 2, we change notation and let W be the space spanned by the right K-translates of
fo.- Then, with similar arguments as above, we see that the map

a: W — V,
Zcifo(‘ki) — Zci&(ki)l/ (ci €C, k; € K)

7

is well-defined, injective, and commutes with the K-action, so that W = V as K-modules. m

2.7 Lemma. Assume that the representation (p,V') of GL,(C) is irreducible.

1. For each f € A,(I'), the K -module generated by the K. -translates of f is isomorphic
to dim(V')p.
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2. Let L be any fixed non-zero linear map from V to C, and define the C-valued function fy
on Spy, (R) by fo:= Lo f. Then the Ko-module generated by the K.-translates of fy is
isomorphic to p.

Proof. Let o be the representation of K, (on the same representation space V' as of p) defined by
o(k) := p(¢(k)~1). Then it is well-known that the contragredient representation & is isomorphic
to p. Recall that the function f satisfies f(gk) = o(k)~1f(g) for all g € G, k € K. Hence our
assertions follow from Lemma 2.6 [

Recall that the set of (isomorphism classes of) irreducible rational representations p of
GL,(C) is parameterized via their highest weights by integers k1 > ko > ... > k,, i.e., ele-
ments of AT. More precisely, we say that such a p has highest weight (k1,ks,...,k,) if there
exists v, € V that, under the action of the Lie algebra £, satisfies p(B; ;)v, = 0 for i < j and
p(Bi;)vy, = kiv,. As recalled already, such a v, € V' is known as a highest weight vector in V),
and is unique up to multiples. For k = (k1, ko, ..., k,) € AT, we use pi to denote the irreducible
rational representation of GL,(C) (as well as of U(n) and of K) with highest weight k. We
remark that the highest weight (k,k,...,k) corresponds to the character det* of GL, (C) and
the character det(J(g,il,))™* of Ku.

It is well-known that an irreducible rational representation p of GL,,(C) with highest weight
(k1, ka2, ..., ky) with k, > 0is a polynomial representation of homogeneous degree k(p) = k1+ka+
...+ kp. More generally, given any finite-dimensional (not necessarily irreducible) representation
p of GL,(C), we say that p is polynomial of homogeneous degree k(p) if p is a direct sum of
irreducible polynomial representations and

ptg) = t*)p(g) for all t € C*, g € GL,(C). (18)

Given an irreducible rational representation (p,V’), we fix a highest weight vector v, that is
rational with respect to the given rational structure on p. Let (,) be the unique U(n)-invariant
inner product on V' normalized such that (v,,v,) = 1. Let L, : V. — C be the orthogonal
projection operator from V' to Cuv, followed by the isomorphism Cv, = C. Equivalently, we may
define L,(w) := (w,vp).

Given p as above, let A(T;p) C A(T") denote the set of all C-valued automorphic forms f
in A(T") with the following properties: a) Either f equals 0, or the K,,-module generated by
the Ko-translates of f is isomorphic to p, b) f is a highest weight vector in the above module.
Using the fact that the highest weight vector in p is unique up to multiples, we see that A(T"; p)
is a vector-space. One may equivalently define A(T"; p) as the space of all the automorphic forms
f satistying B; jf =0for 1 <i < j <nand B;;f = k; f where (ki,...,ky) is the highest weight
of p. Let A(T; p)° = A(T; p) N A(T)°. We have the following lemma.

2.8 Lemma. Let (p, V') be an irreducible, rational, finite dimensional representation of GL,,(C).
The map f +— L, o f gives an isomorphism of vector spaces A,(I') — A(I'; p) and A,(I")° —
AT p)°.

Proof. Let V be the space of p and let f € A,(I'). By Lemma 2.7, the K-translates of the
function L, o f generate a module W isomorphic to p. A calculation shows that

(X(Lp o f))g) = (F(9), p(X)vp) (19)
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for g € Spy,(R) and X € €c. It follows that L, o f is a highest weight vector in W. Therefore,
L,o fe A(I;p). Next, we show that the map f — L, o f is injective. If not, there exists some
non-zero f € A,(I') such that L,(f(g)) = 0 for all g; this contradicts the fact that the vectors
f(g9), as G runs through Sp,, (R), span all of V.

To complete the proof we need to show that the map f +— L, o f is surjective. Suppose
that h € A(T;p). Let V, be the space generated by the right-translates R(k)h with k € K.
By assumption, there exists an isomorphism 7 : V), = V as K, -modules. Consider the element
h e A(T;V) given by

o) = [ hlael (R d
Koo
where dk is a Haar measure on K. A calculation shows that h € A,(I'). Using the Schur
orthogonality relations, one can further show that L, o h(g) = (h(g), v,) is a constant multiple
of h(g). By renormalizing if needed, we obtain that L, o h = h. This completes the proof that

f+— L,o f gives an isomorphism A,(I") — A(T; p). Finally, it is clear that f is cuspidal if and
only if L, o f is. [

3 Nearly holomorphic Siegel modular forms

In this section we define nearly holomorphic Siegel modular forms and reframe them in the
representation-theoretic language, construct some key differential operators linking holomorphic
and nearly holomorphic forms, and prove the arithmetic properties of these operators that will
be crucial for our main theorem on L-values.

3.1 Definitions and basic properties

Let (p, V) be a finite dimensional representation of GL, (C). Write z € H,, as z = = +4y. For an
integer e > 0, define N (IH,,) to be the space of all functions f : H,, — V of the form f =}, fiv;
where v; ranges over some fixed basis® of V and each f; : H,, — C is a polynomial of degree < e
in the entries of 4! with holomorphic functions H,, — C as coefficients. Note that the definition
does not involve the representation p but merely the representation space V. The space

N,(Hy) = | N5 (Hy)
e>0

is called the space of V-valued nearly holomorphic functions. By [32, Lemma 13.3 (3) and
equation (13.10)] we see that for f € C*°(H,, V), we have

e : : e+l p
f € Nj(Hy) if and only if E“7 f =0, (20)
where E is defined as in (8). Now, by Proposition 2.5, part 1, we conclude that
f € N,(H,) if and only if U(p_) f is finite-dimensional, (21)

0 . . . -
f € N,(H,) if and only if f* is annihilated by p_. (22)

5This definition does not depend on the choice of basis.
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We say that a (g, Koo )-module V' is locally (p_)-finite, if U(p_)v is finite-dimensional for all
v € V'. It follows from the above and (4) that if f € N,(H,,), then U(gc)f* is a locally (p_)-finite
(g, Koo)-module.

For a congruence subgroup I' of Spy,(Q), let N,(I') be the space of nearly holomorphic
modular forms of weight p with respect to I'. Precisely, N,(I") consists of the space of functions
f € N,(H,) such that f|,7 = f for all v € T'; if n = 1, we also require that the Fourier
expansion of f|,y is supported on the non-negative rationals for all v € Sp,,,(Z). Let Nj(I') =
N,(T') N N;(Hy). Any f € Ng(I') has a Fourier expansion of the form

f)= > cullmy) ") exp(2mitr(hz)) (23)

he M (Q)

where ¢;, € Uy<p<e Sp(T, V). We use Ny(I')° to denote the space of cusp forms in N,(T'), which
consists of the forms f for which the Fourier expansion of f|,v is supported on positive definite
matrices for all v € Sp,,,(Z).

For k = (ki, ko, ..., k), we denote

Ni(T) = Ny (T), - N(T) = N, (), Ni(D)® = Np, (D)7, Ni(1)" = N, ()"

Furthermore, for a non-negative integer k, we denote Ni(I') = Ny x(I'), Np(I')° = Ny v (I)°.
Note that Ni(I') = Ny, x(I'). Given forms fi, fo in Ni(I')°, we define the Petersson inner
product (fi, fo) by

(f1. f2) = vol(T\H,,) ! / det(y) f1(2) Fa(2) dz. (24)

I'\H,

Above, dz is any Sp,, (R)-invariant measure on H,, (the definition of the inner product does not
depend on the choice of dz).
Finally we denote the set of holomorphic cusp forms as follows:

Sp(L) = Np(T)°,  Sk(l') = NR(T)°.

3.2 Nearly holomorphic modular forms and (p_)-finite automorphic forms

We let A(I'; V),_.fn denote the subspace of A(I'; V) consisting of all f € A(I'; V) such that
U(p-)[ is finite-dimensional. If V' = C we denote this space by A(I')p_-gn. Let AT V), g
and A(F);__ﬁn denote the corresponding spaces of cusp forms. It is easy to see that A(I'; V), __gin,
AT V)y gins AT)p_-fin and A(T)y g, are all locally (p—)-finite (g, Koo)-modules.

Define

Ap(D)p_-fin = AL V)p_in N A (), ‘AP(F);f—ﬁn = A3 V)p_-fin N A (T)°.

AT p)p_pin = A(D)p_in NAp), A5 0)p pin = AD)p_sin NA(T; p)°.

Recall that A,(I") was defined in (15) and A(T'; p) was defined before Lemma 2.8. The following
crucial proposition, which generalizes Proposition 4.5 of [26], gives the relation between nearly
holomorphic modular forms and (p_)-finite automorphic forms. For a function f on H,, recall
the associated function f* on Spy, (R) defined in (10).
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~

3.1 Proposition. 1. The map f — f? gives isomorphisms of vector spaces N,(I') —
Ap(D)p_-in and Np(I')° — A, (T)y 4,

2. Assume that p is irreducible. The map f — L, o ff gives isomorphisms of vector spaces

Np(r) AN A(F’ P)p,—ﬁn and Np(r)o e A(Fa p);_-ﬁn'

Proof. In view of Lemma 2.8 and the fact that L, preserves the (p_)-finiteness property, it
suffices to prove the first part of the proposition.

Let us first show that for each f in N,(T'), the function f” lies in A,(I"),__gn. Clearly, f* is
left T-invariant and Ko-finite. Let m = U(gc) fP. Since f is a nearly holomorphic modular form,
7 is a (g, Ko )-module, and is locally p_-finite; see (21). The action of the Cartan subalgebra b
is semisimple, hence 7 is a weight module. This implies that = lies in Category O in the sense
of [15]. By [15, Thm 1.1 (e)] we have that f# is Z-finite. Finally, f# has the moderate growth
condition from Theorem 1.1 of [24]. This completes the proof that f” lies in A,(I'),__gin.

To show that the map f +~ f” is an isomorphism, we construct an inverse map. Let f’ €
Ap(T)p_-fin, 2 € Hj, and g € Spy, (R) such that g(il,) = z. Then define f(2) := p(J(g,1,))f'(9)-
Then f € N,(T') by the left I'-invariance of f’ and (21) and it can be easily checked that the
map f' +— f defined above is the inverse of the map f +— f”.

Finally, the argument of Proposition 4.5 of [26] shows that f is cuspidal if and only if f is.

|

For the rest of this subsection, we assume that p is irreducible. The above result implies
that for any f € N,(I')° the function L, o f” is a cuspidal automorphic form on Spy,(R) and
the (g, Ko)-module generated by L, o ff decomposes into a finite direct sum of irreducible,
admissible, unitary (g, K~ )-modules. We now make this observation more precise.

For each k € AT, let Fi be any model for py, and consider Fi as a module for €c + p_
by letting p_ act trivially. Let N(k) := U(gc) @y (ectp_) Fk- Then N(k) is a locally p_-finite
(9, K~) module, and by the general theory of category OF (see Section 9.4 of [15]), it admits
a unique irreducible quotient, which we denote by L(k). The (g, K~ ) module L(k) is locally
p_-finite and contains the Ko-type px with multiplicity one.

From the theory developed in Chapter 9 of [15], any irreducible, locally p_-finite (g, K )-
module is isomorphic to L(k) for some k € A*. More precisely, given an irreducible, locally
p_-finite (g, Koo)-module V, there exists a k € AT and a v € V such that L(k) = U(gc)v and
the following properties hold: a) v is a highest weight vector of weight k generating the K.-type
Pk, b) v is annihilated by p_. These two properties identify v € V uniquely up to multiples, and
ensure that V' ~ L(k).

For any k € AT, we define A(T'; L(k))° to be the subspace of A(T')° spanned by the forms f
such that U(gc)f is isomorphic to a sum of copies of L(k) as a (g, Ko )-module. Since L(k) is
locally p_-finite, it follows that

AT L(Kk))* € AT)y__giy-

Hence A(I'; L(k))° is the L(k)-isotypical component of A(I'); 4.

3.2 Proposition. As (g, K )-modules, we have

ATy n = @ A(T; L(k))® where A(T"; L(k))° = dim(Sk(T")) L(k).
keA+
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The highest weight vectors of weight k in A(T'; L(k))° correspond to elements of Sx(I') via the
map from Proposition 3.1. The direct sum decomposition above is orthogonal with respect to
the Petersson inner product.

o

Proof. The existence of the Petersson inner product implies that the (g, Koo )-module A(T')p g,
decomposes as a direct sum of irreducible, locally p_-finite (g, Ko )-modules. As noted earlier,
any such module is isomorphic to L(k) for some k € A*.

Next we show that the (g, Koo )-module L(k) occurs in A(I'), g, with multiplicity equal to
dim(Sk(T")). For this, let W’ be the subspace of A(T"; L(k))° spanned by all the highest weight
vectors of weight k. In each copy of L(k), the highest weight vector of weight k is unique up to
multiples, and W’ is spanned by these highest weight vectors. Therefore the dimension of W’
equals the multiplicity of L(k) in A(I'); g,. It suffices to then show that the map Si(I') — W’
given by f +— L, o fP* is an isomorphism. Note here that W’ is the subspace of A(T; pk);__ﬁn
that is annihilated by p_. Now the required result follows from (22) and Proposition 3.1. m

As is well-known, for k = (k1, ko, ..., k,) € AT, we have Si(T") = {0} if k,, < 0 (see [10]). So
a consequence of the above results is that L(k) cannot occur in A(I')y g, when k, <0.
3.3 Lemma. Let k', k € AT with k' = (k|,k},...,kl,) and k = (ki, ko, ..., k). Suppose that
L(k') contains the K-type px. Then k; > k] for 1 <i < n.

Proof. Tt suffices to prove the analogous statement for the representation N (k’). Let B;; be
the elements defined in (6), and set ¢, = (B; j : 1 <14 < j < n) (the space spanned by the root
vectors for the positive compact roots), €- = (B;; : 1 < j < i < n). Then &c = hc + €4 + €_.
Let vy be a highest weight vector in Fjs, which we recall is a model for py/. Then, as vector
spaces,

N(K') =U(gc) Quecrp) Flo = Up4) Fio = Up)UE-)vo = UE)U(p+)vo.

The last equality follows from [tc, ps] C p. It is clear that all the highest weight vectors of the
Ko-types occurring in N (k') must be contained in U (p)vg. Hence the weight of such a highest
weight vector is of the form (ki, ko, ..., k) with k; > k[ for 1 <i <n. n

We can now prove the following fact.
3.4 Proposition. Let p be a rational, irreducible, finite dimensional representation of GL,,(C),

and let I" be a congruence subgroup of Spy,, (Q). Then the space N,(I")° ~ A(T; p) is finite
dimensional.

o
p_-fin

3.5 Remark. A well-known result of Shimura [32, Lemma 14.3] implies that N (I')° is finite-
dimensional for each non-negative integer e. However, Proposition 3.4 goes much further and
asserts that the space | Jo—; Ng(T')° is itself finite-dimensional, i.e., N5(T')° = N;'“(F)O for all
sufficiently large e.

Proof. Let k = (k1,ka,...,ky) be such that p = px. Recall that each element of A(T p);__ﬁn
generates a Ko-module isomorphic to p. Since a given irreducible (g, K )-module contains the
K-type p with finite multiplicity, it suffices to show that the (g, K )-module U(gc).A(T; p)
decomposes into a direct sum of finitely many irreducible (g, K )-modules.

[¢]
p_-fin
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Using Proposition 3.2 and the remarks following it, let

U(ge)A(T; p)p__fin = Daea+ drL(N), (25)

where dy < dim(S)(T")) and dy = 0 if A = (A1, Aa, ..., \,) satisfies A, < 0. We now claim that
if dy # 0 then A\; < k; for all 4. This will complete the proof, since there are only finitely many
elements (A1, Ao, ..., \,) € AT satisfying A\, > 0 and \; < k; for 1 < i < n.

To prove the aforementioned claim, we appeal to Lemma 3.3. Suppose that dy # 0. Then
there exists an element f in A(T'; p)y g, whose component fy in (25) along dyL() is non-zero.
Clearly, f\ generates the Ko-type p = pk, and hence pyx occurs in L(A). Now, Lemma 3.3
implies that \; < k; for 1 <i <mn. n

Next recall the space A(I'; L(k))° defined before Proposition 3.2, and define
AT p, L(k))® = A(L; p)° N A(T; L(k))°.
If p = py then by the results above we have
A p, L(k))° #{0} = 1<k <\ forl<i<n. (26)

p_-fin be the isomorphic images of

Let N,(T';L(k))° C N,(I')° and A,(T; L(k))° C A,(T)S
A(T; p, L(k))° under the isomorphisms N,(T')° — A, (T )p_fin = A(T; P)y__fin Siven by Propo-
sition 3.1. Then we have orthogonal (with respect to the Petersson inner product) direct sum

decompositions of finite-dimensional vector spaces

'A( p -fin — @ AF pa )7 Nﬂ(F)O: @ NP(F;L(k))Oa (27)

keA++ keA++

where we recall that A™" consists of those k = (ki,...,k,) € AT with k, > 1. Above, if
A= (A1,...,An) is the highest weight of p, then the sum in (27) can be taken over the (finitely
many) k = (k1,...,kp) € AT such that k; < ); for all ¢, since the summands are zero otherwise.

3.6 Remark. The decomposition (27) together with Proposition 3.2 may be viewed as a struc-
ture theorem for the space of nearly holomorphic cusp forms from the representation-theoretic
point of view.

3.3 Action of Aut(C)

Recall that T denotes the space of symmetric n X n complex matrices. Let V' be a vector space
with a rational structure Vg, i.e., Vo C V is a vector-space over Q such that Vo ® C = V. Then
Vi gives rise to a rational structure on Ml (T, V'), as follows. Let {v1,...,v4} be a basis of Vj.
For i1,... 4, j1,- -+, Je € {1,...,n}, define the function f;, ;). . . .j.) € Mle(T,C) by

f(ihjl)"“v(i&je)(y(l)’ e (e)) - yl(l )]1 ’ y7'(eey)]e (28)

Then the elements f(;, j,).... (i..j.)Vi» Where i1, ..., ¢, j1,. .., je run through {1,...,n} and i runs
through {1,...,d}, define a rational structure on Ml (7, V'), which is independent of the choice
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of basis of V. We also obtain a rational structure on S¢ (7', V'), which we recall can be identified
with the symmetric elements of Ml.(7, V).

Let t;j, 1 < i < j < n be indeterminates. For 7,j as above, define t;; = ¢; ; and let T
denote the symmetric n x n matrix of indeterminates whose (i, j) entry equals ¢; ;. For a field
F, let F[T] denote the algebra of polynomials in the indeterminates ¢; j; clearly F[T] can be
identified with the polynomial ring over F in "2;  variables. We let F'(T) denote the field of
fractions of F[T]. We let 7! denote the (formal) inverse of T according to Cramer’s rule, i.e.,
T~' = #7adj(T) where adj denote the adjugate. We define the algebra F[T*] C F(T) as
follows.

F[T*] := {polynomials over F' in the entries of 7 and 7 1}. (29)

It is an easy exercise that F[T*] equals the extension of the polynomial ring F[T] by ﬁ.
Equivalently, F[T*] is the localization of F[T] in the multiplicative set consisting of the non-
negative powers of det(7). Given ¢ € F[T*] we obtain a well-defined function from the set of
invertible symmetric matrices over F' to F'. As a special case of this which will be relevant for
us, recall that a real, positive-definite matrix y has a unique positive definite square-root y'/2
and so for any ¢ € C[T*], the complex number ¢(y'/?) makes sense.

We say that a non-zero ¢ € C[T*] is homogeneous of degree m if c¢(rT) = r™c(T). This
makes the space C[T*] into a graded algebra, graded by degree m € Z. We say that an element
c € C[T*] is rational if ¢ € Q[T*]. Let

VIT*] :=C[TF] ®&c V. (30)

We define an action of Aut(C) on the space V[T*] as follows. Given ¢ € V[T¥], write it
as c¢(y) = >, ci(y)v; where v; ranges over a fixed rational basis of Vg and ¢; € C[T*]. For

o € Aut(C), we define
Te(y) = 22 7cily)vi

where %¢; is obtained by letting o act on the coefficients of ¢;. This gives a well defined action
of Aut(C) on the space V[T ] (that does not depend on the choice of the basis {v;} of V). An
element ¢ € V[T*] is defined to be rational if the components ¢; all belong to Q[T*]. We let
Vo[T*] denote the Q-vector space of rational elements in V[T *] so that

VolT*] = Q[TH] ®qg Vo

It is clear that an element ¢ in V[T %] belongs to Vo[7T ] if and only if “c = ¢ for all ¢ € Aut(C).

We let Ng(H,,,V) C C*°(H,, V) consist of all functions f € C*°(H,, V) with the property
that there exists an integer N (depending on f) such that f has an absolutely and uniformly
(on compact subsets) convergent expansion

@) =fa+iy)= > al(7y)?) exp(2mitr(hz)), (31)

he = MY™(Z)

where each ¢, = gy, ¢ is an element of V[T*]. Observe that for any finite dimensional rational
representation p of GL,(C) on V we have N,(I') C Ng(H,,V). Indeed, if f € N,(I'), the
corresponding g, in (31) actually belong to the subalgebra C[T 2] @c V of V[T*] (cf. (23)).
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Given a function f € Ng(H,, V), we define °f € Ng(H,, V) by

7f(z) = an((wy)'/?) exp(2mi tr(hz)). (32)

h

A very special case of all this is the (well-known) action of Aut(C) on N,(I'). Suppose that p
is a representation of GL,,(C) on V that respects the rational structure on V' (meaning that p
restricts to a homomorphism from GL,(Q) to GLg(Vg)). The action of Aut(C) on elements of
Se(T, V) leads to an action of Aut(C) on N,(I'), via

U( Zch((wy)*l) exp(2mi tr(hz))) = Z %en((my) 1) exp(2mitr(hz)), (33)
h h

where ¢, € |, Se(T, V). This is a special case of the definition (32). From Theorem 14.12 (2)
of [32], we get the following result in this special setup.

For f € N;(T') and o € Aut(C), we have °f € N (I'). (34)

In the special case that o equals the complex conjugation, we will denote °f by f. Note that
f(z) = f(—2). We will need the following result, which is Theorem 14.12 (3) of [32].

3.7 Proposition. Let f € N,(I'). For a positive integer p, let Dj and EP be defined as in (9).
Then we have

)" DR f) = (mi) P DR(°f),  ((wi)PEPf) = (wi)P EP(°f).

We will now prove some general results on Aut(C)-equivariance of operators, culminating in
Proposition 3.12 below, which will be crucial for the results of the next subsection. To begin
with, we prove a lemma that will allow us to move from Ml,(T, V')-valued functions to V-valued
functions, and will also clarify why we cannot restrict ourselves to the space N,(I") and instead
need to consider the larger space Ng(H,,, V).

3.8 Lemma. Let e, b be positive integers, and for 1 < i < b, let u; € My (Q) and ¢; € 7Z.
1. Let T¢ denote the set of real, symmetric, positive-definite, n X n matrices. Let q €
Ua<e Sa(T,MIy(T, V). Then there exists rq € V[T*] such that for all y € T,
_ (5% b
reW"?) = qy Y2 wmy 2,y T wy?)

and for any o € Aut(C) we have

Urq) = rog.

2. Let p be a finite dimensional, rational representation of GL,(C) on Ml (T, V') that re-
spects the rational structure on Mly(T,V). For each f € N,(I'), define the function
0f € C*(H,,V) by

0)(2) = (F()((ry) Tur(my) 2 ..., (my) F up(my) ).
Then 6f € Ng(H,,,V) and for all o € Aut(C) we have 0(°f) = (0 f).
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Proof. We first prove part 1 of the lemma. Recall the definition of the functions fi, ;). .. ()
in (28), and the rational structure of Ml,(T, V') given by the elements f(;, ;). . (i,.j,)vi- From
our definitions, we have that the function from 75y to V' given by

61 i

b
Y Lo U T 0y T,y T upy g

is the evaluation of a function in VQ[Ti] at y'/2, i.e., there is G(i1 1) s oge)si € VQ[Ti] such that

a4 e @ @
g(i1,j1),...7(ib,jb);i(yl/2) = f(il,j1)7...,(ib,jb)(y UYL Y2 URY 2 )Y

Now write ¢ = 37 Cgi(ir,ju),...Cings)iifi1,31), - (in,) Vi WHETE Coitiy o), iy )i € CIT] are of degree
< e and the sum runs over all iy,...,4,J1,...,J5 in {1,...,n} and v; runs through a fixed
rational basis of V. By definition,

T Cqs(ina ) (inogn)ii = Coqs(in,a)oi(ipp);i AN (35)

€1 €1

% @ _
q(y~ )(y Y2, . LYWy ) = Z cq;(i1,jl),...,(ib,jb);i(y 1)g(i1,jl),...,(ib,jb);i(y1/2)' (36)
Now define r4(T) = 3= Cg(ir j1)(ivngn)i (T~ 291,51 ) i) (T)- Then rq € V[T®] satisfies the
required properties by (35), (36).
Finally, part 2 is an immediate consequence of part 1. [

3.9 Lemma. Let f in Ng(H,,V) and let p be a finite-dimensional, rational representation of
GL,,(C) on V of homogeneous degree k such that p respects the rational structure on V. For
u = *+1, define the function Ry (f) on Hy, by (R;(f))(2) = p(y2)f(2). Then Ry(f) € Ns(Hp, V),
and for each o € Aut(C) we have

7' RUCS) = 7w RY(S)).

Proof. By assumption, we can write

=> (Z Gha((my)" 2)va) exp(2mi tr(hz)),
h a

where ¢, € C[T*] and the v, form a rational basis of V. Furthermore, from the assumptions
on p we have p(y“/2)va =3 ru,mb(yl/z)vb where the ry, 45 € Q[T ] have homogeneous degree
uk. Tn particular r,,5((7y)"/2) = 7%/2r, 4 »(y'/?). This gives us

“k/2R“( Z ( Z Gh.a((7y)?! ’I“ma’b((ﬂ'y)lﬂ)vb) exp(2mitr(hz)),

h

from which the assertion of the lemma is clear. n

We define U(£g) to be the Q-subalgebra of U(fc) generated by the various By, 5, (see (6)).
The elements of U(tg) are sums of the form co + >, CiBa{,bi o Bahivbii where n > 0, ¢; € Q
for0<i<n,u; >1forl<i<n, andlgaz,bzgnforlgkgui.

Recall that for each representation (p, V) of GL,(C), the derived representation of U (tc) on
V is also denoted by p. For a general X € U(tc), p(X) € End(V) may not be invertible (i.e.,
p(X) may not be in GL(V)). However the following lemma is immediate.
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3.10 Lemma. Let X € U(tg) and let p be a finite-dimensional representation of GL,(C) on
V. Then fori = 1,2, there exists X; € U(tg) such that X = X1 + Xo and p(.(X;)) is invertible.

Proof. We choose a sufficiently large ¢ € Q such that p(¢(X)) + ¢l and p(u(X)) — ¢l are
both invertible, where I denotes the identity map on V. Now the result follows from taking
X1=3(X+c¢), Xo=3(X —0). .

3.11 Lemma. Let p be an irreducible rational representation of GL,(C) on V such that p
respects the rational structure on V. Let X € U(tg) and for each f in Ng(H,,V), define
XfeC®H,, V) by (Xf)(2) = p((X))f(2). Then X f € Ng(H,,V) and for each o € Aut(C),
we have B B
(Xf) = XCP).
Furthermore, suppose that p(v(X)) is invertible and let the representation p’ of GL,(C) on
V be given by p'(h) = p(1(X))p(h)p(¢(X))~L. Then the following hold:

1. If f € N,(T'), then X f € N(T),
2. (Xfy =Xf,
3. p/ respects the rational structure on V.

Proof. First of all, we note that
p(1(X)) € Endg(Vo) (37)

This follows from the definition of the rational structure and the fact that the p(B,, ,) preserve
Vo.

We now show that X f € Ng(H,,V) and that 9(X f) = X (°f) for cach o € Aut(C). Since
f € Ng(H,,V), we can write

=) (Z ana((my)"/ 2)va> exp(2mi tr(hz)),
h a

where gj,, € C[T*] and the v, form a rational basis of V. Using (37) we can write p(1(X))v, =
> » Ta,pVp Where the r,; € Q. This gives us

(XN)(z) =) ( > Qh,b((ﬂy)l/z)ra,bvb> exp(2mi tr(hz)),
h a,b

from which the required facts follow immediately.
yl/2 gy=1/2

172 ] Using (10) and (14), we see that

Next, for each z = x + iy € H,, put g, = [

(X1 (g2) = P (W)X ) (2) = p(u(X))p(y ) f(2) = p(e(X)) [P (g:) = X f* (g2) .

On the other hand, using (12), (14) we observe that for each g € Sp,,,(R), k € K, (X )P (gk) =
o (N X ) (9), XfP(gk) = o/ ((k))X fP(g). Since each element of Spy, (R) can be written as
a product of an element of the form g, and an element of K, it follows that (X f )p/ = X fP.
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Next, suppose that f € N,(I'). We will show then that Xfe Ny (T'). It is clear that Xf

is nearly holomorphic in this case, so we only need to show that ()Z’ Doy = X f for all vy € T.
This follows from the calculation

(Xf)(v2) = p(uU(X))f(v2) = p(U(X))p(J (1, 2) [ (2) = P/ (T (7, 2) X f (2).
The assertion that p’ respects the rational structure on V follows from (37) and the fact that p

respects the rational structure on V. [

3.12 Proposition. Let p; and p2 be finite-dimensional rational representations of GL,(C) on
V' of homogeneneous degrees k(p1) and k(p2) respectively and admitting a common rational
structure on V; assume also that p; is irreducible. Let R € U(gc) be of the form

R = E :CiE+7m1,7L1 e E+7msi7nsi Eﬁplﬂl T Eﬂpti,lItiBahIh T Bauiybui7
7

where the c; are rational numbers and s;, t;, u; are non-negative integers. Let I be a congruence
subgroup of Spy,, (Q). For each f in N, (I'), define the function Rf € C*°(H,, V') by

(BF)() = paly™ ) (R [V ). (38)
Then Rf € Ng(H,,V) and
U(ﬂ_k(m);k(m) Rf) _ ﬂ_k(ﬂl)gk(w)ﬁ(o.f) (39)

for all o € Aut(C).

Proof. By linearity and using Lemma 3.10, it suffices to consider the case
R = E+7m17n1 e E+,ms,nsEﬂp17q1 o 'E*,PtletX

where X € U(tg) and p1(¢(X)) is invertible. Put E = Ef ymy - Exmon. E—prgi - B pioges
g5 = pr((X))f, and p'(h) = p1(e(X))p1(h)pr(((X)) ™", For each z = z + iy € Hy, put g, =

[y” ’ xyy_jl/j } By Lemma 3.11,

(BN)(=) = paly™2) ((EF)(92)) (40)

and
g9r € Ny(L), (g5) = 9g(op)- (41)
For 1 <a <s,1<0b<t, let u, and v, be elements such that 1y (u,) = Ef myne, t— () =
E_ p,q- By (5) and (6), we see that iug,iv, € My " (Q). Using part 2 of Proposition 2.5 and
Proposition 3.7, we see that there exists an operator Dg : C*°(H,,, V) — C*(H,, Mls+(T,V))
such that
(i) ~*Drgy) = (1) *Dp(°gy) = (1) *Dr(gey) (42)

and such that the following identities hold

(B} )(g2) = (u4 (ur) ..oy (us)e—(v1) ... 1 (vy)g ) (g2)
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®TS®J
(Drgy)”? ) (Upy ooy Usy ULy ey V)
1
3

= ((
:( YY) (Dpgs) (= )) (U1, -+ s Uy V1, -« 5 V2)
P

1 1 1

1 1
'(y?) ((Dng)( )(Y2ury?, ... y2usy?,y 2oy 57---,y‘§vty‘5)>-

Combining this with (40) and using multilinearity we obtain

(BF)(2) = paly )0 (%) (((70)*Dig)(2) ((my)% ) (=%, .. (my) ™3 (=) (my) 7 ) )
(43)
Now, combining (43) with Lemma 3.8, Lemma 3.9, and (42), we obtain the desired result. =

3.4 Arithmeticity of certain differential operators on nearly holomorphic cusp
forms

For each k € AT, let xx be the character by which Z acts on L(k). (Note that this notation
differs from what we used in [26]; xx was denoted Xy, there.)

3.13 Lemma. Let k = (ky,...,k,) and X' = (k},...,k]) be elements of A* such that either
kn, k], > n or k, + k], > 2n. Then xy = xx if and only if k' = k.

Proof. Suppose that xx = xx. Then k/ = w - k for a Weyl group element w, where - denotes
the dot action of the Weyl group (see Sections 1.8 to 1.10 of [14]). The element w decomposes
as w = 170 with 0 € &,,, the symmetric group for {1,...,n}, and I a subset of {1,...,n}. The
action 770 - k is given by

TIO k = (El(ko(l) — 0'(1)), e ,En(kg(n) - U(n))) + (1, e ,n),

wheree; = 1ifi ¢ [ ande; = —1if i € I. (Note that the dot action is given by w-k = w(k+9)—
where o is half the sum of the positive roots. In order to be in the setting of [14], the positive
roots have to be e; —¢; for 1 < i < j < n and —(e; + ej) for 1 < i < j < n, resulting in
o=—(1,...,n)). Hence

ei(koy —0(G) =K, —j  for j€{l,...,n}. (44)

Let S={je{l,....,n} | 0(j) # j}. Then o induces a permutation of S without fixed points.
The condition (44), together with k; 4+ k; > 2n, forces ¢; = 1 for all j € S. Hence z4(;) = :1:;
for j € S, where x; := k; — i and x} = k, — i. Since the z; and the z} are strictly ordered from
largest to smallest, this is only possible if S = (.

We proved that o is the identity, so that €;(k; — j) = k; —jforallje{l,...,n}. If ¢ =1,
then k; = k; If ¢; = —1, then our hypothesis implies j = n and k; = k; = n. This proves
k=K. n

For 1 < ¢ < n, let Dy; be the generators of Z from Theorem 2.1. Note that Z, and
hence each Dy;, acts on the space A(T P);,_ﬁn- By the isomorphism N,(I') — A(L; p)y__fin of
Proposition 3.1, it follows that Dy; gives rise to an operator {)9; on the space N,(I'). Precisely,

for each f € N,(T'),
(Q2if)” = Dai(f?),  Lp((Q2if)") = D2i(L,(f"))-
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More concretely, for z = x + iy € H,, and f € N,(I"), the above definition is equivalent to

_ 1/2 g —1/2
(Q2:f)(2) = ply ™) (D2uf?) [ 700 ) (45)
For each character x of Z, we define A(T;p, X)S,-ﬁn - A(F;p)gi_ﬁn to be the subspace

consisting of all the elements on which Z acts via the character x. We let N,(I'; x)° be the
corresponding subspace of N,(I')°. In the notation introduced in Sect. 3.2, it is clear that

AL p, L(k))° € AT o, Xy _ceins - Np(T L(k))® € Np(I' x)° (46)
More precisely,
P AT:p LA = AT poxdy e D NoTiLK)) = Np(Tixa)®.  (47)
k/'eAtt k'eAtt
Xk’ =Xk XK/ =Xk

It follows from Lemma 3.13 that
N,(T;L(k)° = N,(T; xx)°  if k= (ki1,...,kn) € ATT with k, > 2n, (48)

and similarly for A(T; p, Xk);_-ﬁn'

3.14 Lemma. Let k € A*. Then for all 1 < i <n, xx(D2;) € Z.

Proof. Since Dyjv = xx(D2;)v for any v in the space of L(k), it is enough to prove that Dy;ui
is an integral multiple of vy, where we fix vy to be a highest weight vector of weight k in
L(k). For this we appeal to Corollary 2.2. We know that vy is annihilated by all the E_, .
elements, as well as all the B, elements for a > b, and the number of E_ , , elements is the
same as the number of E, , , elements in the expression of Dy;. Hence, we may write Dovx =
25:1 CiH:Ei) e Hﬁf)Xfl) e X;,()?vk where the ¢; are integers, r;,p; > 0 and each H,gi) is equal to
B, o for some a, and each X ]gz) is equal to B, for some a < b. We break up the expression above
into two parts corresponding to whether p; = 0 or p; > 0, and obtain Ds;vx = w1 + we where
wy =y i, ciHl(i) . -H,(f)vk and wy = ZEZHH ciHl(i) . Hr(rlbz fi) - "Xr(L?Uk with each n; > 0.
Looking at weights, we see wp = 0. Since B, ,vx = kqvk, it follows that w; is an integral
multiple of vy, completing the proof. [

3.15 Lemma. Let 0 € Aut(C). Then for any f € N,(I")
(Qaif) = Q2 (°f).
Proof. This follows from Corollary 2.3, Proposition 3.12 and (45). m

For each k € AT, let p,, denote the orthogonal projection map from N,(T')° to its subspace
N,(T; xk)°. (We omit p from the notation of p,, for brevity.) If k = (ki,...,k,) € A" such
that k,, > 2n, then (48) implies that p,, is precisely the orthogonal projection map from N,(I")°
to its subspace N,(I'; L(k))°.

3.16 Proposition. For any o € Aut(C), f € N,(T')°, and k € ATT, we have

7P () = P (°F)-
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Proof. We can give an explicit formula for p,, as follows,

P = Cp H Z sgn (xk(D2:) — xw (D2:)) (25 — xw (Da2:)), (49)
WeAt+ =1
K4k
where "
Ce= I D_Iha(D2) = xwe(Dai)]. (50)
KeAtt i=1
KAk

In both (49) and (50), the product extends only over those finitely many k’ for which the space
N,(I'; xk)° is non-zero. Now the proposition follows from Lemmas 3.14 and 3.15. [

In the following we denote by £g the Lie algebra over QQ spanned by the elements B;; defined
in (6). Then €c = g ®q C.

3.17 Lemma. For k € A", let Fi be a model for py, and let vy be a highest weight vector
in Fx. Let Fyxq := U(tg)vk. Then Fyg is an irreducible tg-module, and Fy g ®g C = Fy as
tc-modules.

Proof. By Weyl’s theorem [34, Theorem 7.8.11], Fi g is a direct sum Uy &...® Uy, of irreducible
£g-modules. Evidently, vx must have a non-zero component v; in each of the U;. Then each v;
has weight k. Since, up to multiples, vy is the only vector of weight k in Fy, there exist ¢; € C
with v; = ¢;ux. We can get from vy to any other vector in Fi g with an appropriate element of
U(tg). In particular, there exists X; € U(tg) with X;vx = v;. Looking at weights, we see that
X; must be a constant, so that in fact X; = ¢;. It follows that all the ¢; are rational. On the
other hand, the v; are Q-linearly independent. This is only possible if m = 1.

We proved the irreducibility assertion. It follows that Fy g ®g C is an irreducible £c-module.
The obvious map from Fy g ®g C to Fy is then an isomorphism. n

Let p4 g be the Q-span of the elements E ; ; defined in (6); then p. g is a Lie algebra over
Q. Set gg = p+,0 @ £o @ p— - Then gg is a rational form of gc.

3.18 Lemma. For k € A%, recall the gc-module N (k) = U(gc) @y (ee+p_) Fi- Consider the
go-module N (k)q := U(90) ®u(egrp_ o) Fko- Then N(k) = N(k)g ®g C as gc-modules. There
exists a direct sum decomposition of N (k)q into irreducibles U; such that the U; ®g C are the
K-types of N (k).

Proof. Tnside U(py), let U(p1 )™ be the C-linear span of the elements F, ;, ;, ... Ey ., j,., and
let U (p+)((@m) be the Q-linear span of the same elements. Using the PBW theorem, we have

N(K) = Ulge) Cugeery ) Fe 2UD4) @c Be= @ (U™ @c F) (51)

m=0

as complex vector spaces. It follows from the PBW theorem and Lemma 3.17 that

Ups)™ @c Fie = Up+0)™ ®g Fig) ©g C (52)
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(both sides have the same C-dimension). Hence

N(k) = (é <U(p+,@)(m) ®Q Fk@)) ®qC

m=0

= (U (P+,0) ®0 Fk,@) ®qC

= (U(QQ) Qu(tg+p_ ) Fk@) ®q C. (53)

This proves N (k) = N(k)g ®g C as C-vector spaces. It is easy to see that the isomorphism is
compatible with the action of gc = gg ®g C.

It follows from [Eg, p+ o] = .o that U(py )™ ®g Fi g is a tg-module. By Weyl’s theorem,
we may decompose it into irreducibles U;. Then the U; ®g C are irreducible under the action
of tc = g ® C, i.e., they are the K-types of U(py) ™ @¢ Fi. n

3.19 Lemma. For k € AT, let vy be a highest weight vector in the K.-type py of L(k). Then
for any K-type p of L(k) there exists a non-negative integer m such that p admits a C-basis
consisting of vectors of the form Yuy, where Y; € U(p+ o)™ U(t).

Proof. Let U; ®gC be one of the K -types from Lemma 3.18 such that it maps onto p under the
projection N (k) — L(k). By construction there exists an m such that U; has a basis consisting
of vectors of the form Y;up with Y; € U (p ) ™U(tg); here vy is a highest weight vector in Fy g
The vectors Yjvg ® 1 = Yj(vo ® 1) are a C-basis of U; ®g C. Our assertion follows since, after
proper normalization, vy ® 1 projects to vy. |

For the rest of this subsection let k = (ky, ko, ..., k) where ky > ... > k, > n are integers
with the same parity. In this case, L(k) is a holomorphic discrete series representation that
contains the Koo-type® pg, k. k Wwith multiplicity one (see Lemma 5.3 of [25]). We use the
notation Ny, (I'; L(k))° := Ny (I's L(k))°. We will construct a differential operator that maps
Sk(I') isomorphically onto Ng, (I'; L(k))°. The idea is to find a Q-rational element of U(gc)
that maps a highest-weight vector of weight k inside L(k) onto a vector in the one-dimensional,
multiplicity one Koo-type pg, ...k, in L(k). This can be done thanks to Lemma 3.19.

77777

3.20 Proposition. Let k = (ky, ke, ..., ky) where ky > ... > k, > n are integers with the same
parity. Then there exists an injective linear map Dy from Sk(I') to N, (T')° with the following
properties.

1. The image Dx(Sk(I")) is equal to Ny, (I'; L(k))°.
2. For any o € Aut(C) and f € Sk(I') we have Dx(°f) = ?(Dxf).

Proof. For brevity, we write p = px. Let f € Sx(T'), and put f’ = L, o f. By Proposition 3.2,
1 is a highest weight vector of weight k inside V' = U(gc)(f’) ~ L(k).

By Lemma 3.19, there exists an element Y € U (p4 ) ™U(g) such that when Y is viewed as
an operator on V, then Yvy is a non-zero vector in the one-dimensional Koo-type p2 := pg, k1,... k1 -

5The Koo-type iy ky....k; corresponds to the character det(J(koo,il,)) *! of Ko, or equivalently, the char-
acter det™ of U(n).
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ki+...thn—nk]

Denote Y = 7 2 Y and define the map Dy from Sk (T') to C*°(H,,) by

(Dicf)(2) 1= det(y) ™27 (L (1) (s2)
= Ly((det(y) 2T (1) (s2)). (54)

From the construction and the aforementioned property of Y, it is clear that (Dyf)”?* =
Lp(? fr) = ?(Lp fP). This, together with the fact that ps is one-dimensional and occurs with
multiplicity one in L(k) (and using Propositions 3.1 and 3.2), it follows that Dy maps Sk(I")
surjectively onto Ny, (I'; L(k))°. This proves part 1. Using Proposition 3.12 and the expression
(54) (and the fact that the projection map L, is rational) we obtain part 2. ]

k1—k k1—k
3.21 Remark. In the case n = 2, we may take Dy =7~ 2 U 2 using the notation of [26]

(see Propositions 3.15 and 5.6 of [26]).

4 Special values of L-functions

Throughout this section, we fix an n-tuple k = (k1, k2, ..., k) of positive integers such that
k1> ...>2k,>n+1 and all k; have the same parity. For brevity we write k = k1.

4.1 Automorphic representations

We recall that L(k) is the holomorphic discrete series representation of Sp,,(R) with highest
weight (k1,ks,...,k,). Let GSp,,(R)T be the index two subgroup of GSp,, (R) consisting of
elements with positive multiplier. We may extend L(k) in a trivial way to GSp,, (R)T =
Spy,(R) x Rsp. This extension induces irreducibly to GSp,,(R). We denote the resulting
representation of GSps,,(R) by the same symbol L(k).

Let p be a prime and let o be an irreducible spherical representation of GSps,,(Qp). Let bo,
b1,...b, be the Satake parameters associated to o (see, e.g., [1, §3.2]). For each character y
of Q;, put ay, = x(w) for any uniformizer w of Q, if x is unramified, and put a, = 0 if x is
ramified. Define the local GSp,,, x GL; standard L-function

n

L(s,0 R y) := (1 —ayp™) [ (1 = biayp™*)(1 = b; "y p ™))
i=1

-1

Given another irreducible spherical representation o’ of GSp,,, (Q,) with Satake parameters by,
by, ...b), we say that o ~ o’ if (by,...,b,) and (b),... b)) represent the same tuple under the
action of the Weyl group. Using Lemma 2.4 of [12] for G = GSp,,(Qp), H = Z(Qp)Sp,,(Qyp),
we see that the following conditions are equivalent:

1. o ~ 0o,
2. there is an unramified character x of Q, such that o' ~o® (xon),

3. there exists an irreducible admissible representation of Spy,(Q,) that occurs as a direct
summand inside both o|sp,, (qg,) and o'|sp, (@,)
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4. 0lsp,, @) = 0I5, (@)

Given any character x of Q
we have

., and irreducible spherical representations o, o’ of GSpy,(Qy)

o~d = L(s,cXyx)=L(s, o' Ky). (55)

We let Ry (N) denote the set of irreducible cuspidal automorphic representations IT ~ ®II,, of
GSpsy,, (A) such that I, ~ L(k) and such that IT has a vector right invariant under the principal
congruence subgroup Ko, (N) of GSp,,(Z). Note that if IT € Ry (N) then II, is spherical for all
pt N. For II},II; € Rg(N), we define an equivalence relation IIy ~ Iy if II; , ~ Il for all
p1 N. We define

Ric(N) = Ri(N)/ ~ .

For IT € Ry(N), let [II] denote its equivalence class in Ry (N). For IIj, Iy € Ry(N), and
o € Aut(C), it follows from the definition that if II; ~ IIy then °II; ~ °Ily; therefore for any
class [II] € Ry (N), the element °[II] = [71I] € Ry (N) is well-defined. For [II] € Ry (N), and any
set S of places of Q such that co € S and II,, is unramified for p ¢ S, define L (s, [[I] ¥ x) =
[1p¢s L(s, 11, X x;) (this is well-defined by (55)). If the set of finite primes in S coincides with
the set of primes dividing N, we will use the notation LV (s, [II]| K x) := L(s, [lI] ® x). Given
] € Ri(N), we let Q([IT]) be the fixed field of the set of ¢ € Aut(C) satisfying °[II] = [II].
Since Q([II]) is contained in the field of rationality Q(II) of any automorphic representation in
its equivalence class, it follows that Q([II]) is a totally real or CM field [2, Theorems 3.2.1 and
4.4.1].

4.2 Classical and adelic cusp forms

By the strong approximation theorem, we have

GSpy,(A) = | | GSpyn(Q)Z(R)"Spy, (R)daK2n(N) (56)

1<a<N
(a,N)=1

where d, € GSp,,(4;) is given by (dg), = [’ or, | i pIN, and (da), = Iz, otherwise.
For each h € GSpy,(Af), and each ¢ : GSp,,(A) — C, define h - ¢ : GSpy,(A) — C by

~

(h-®)(g) :== ¢(gh). For any compact open subgroup U of GSps,,(Z), let

I'y = Sp2n(@) nu.

Let p be a Koo-type that occurs in L(k). Then we define Agsp, (a)(U; p, L(k))° to be the space
of functions ¢ from GSp,,(A) to C such that

1. ¢ is a cuspidal automorphic form on GSp,,,(A),

2. ¢(gogzeou) = ¢(g) for all g € GSpy,(A), u € U, 200 € Z(R)*, gg € GSpy,,(Q),

3. For each h € GSpy,,(Ay), the function (h - ¢)|sp, (r) lies in A(Typp-1;p, L(k))°.
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It is clear that given any irreducible cuspidal automorphic representation IT of GSps,, (A), we
have
IT € Re(N) <= Vit N Acsp,,, (a) (K2n(N); p, L(k))® # {0}.

For each ¢ € Agsp,, (a)(U;p,L(k))°, let Fy : H, = V, be the function corresponding to
¢lsp,, (r) under the isomorphism given by Proposition 3.1. Then we have Fy € N,(I'y; L(k))°.
Now, consider U = Kj,(NN) which is a subgroup normalized by each d,. Define for ¢ €

Agsp,, (4)(K2n(N); p, L(k))° and each 1 < a < N, (a, N) = 1, the function Fqga) : H,, — V, via

F(z()a) := Fu,.¢, where dy - ¢ € Agsp,, (a)(K2n(N); p, L(k))° is given by the usual right-translation
action. Then using Proposition 3.1 and (56) we deduce the key isomorphism

Agspy, ) (Eon(N); 0, LK) = @ Ny(Tan(N); LK), ¢ (Fs)a (57
1<a<N
(a,N)=1

Recall that py denotes the K.-type with highest weight k. Also, we let p; be a shorthand
for the Koo-type pg,. r with highest weight k, ...k (recall that k& = ki). Using (57) and the
notation of section 3.4 we obtain the commutative diagram of isomorphisms

Acsp,, (a)(Eon(N); px, L(k))° ————  D1<aen Sk(T2n(N))

S (FS)a (a,N)=1
:lf/ :leaaDk (58)
Acsp,, (a) (Kon(N); pr, L(k))° ———— @D1<a<n Ne(Tan(N); L(k))°
o (FS)a (a,N)=1

For brevity, we henceforth use the notation
Vi = Di(Sk(I2n(N))) = Ni(T2n(N); L(k))°.

4.1 Lemma. Let F} = (Fl(a))a, Fy = (FQ(G))G be elements of @ 1<qa<n N,(I'2,(N); L(k))°. Let
(a,N)=1

¢1, 2 be the elements of Aggp,, (a)(K2n(IN); p, L(k))® corresponding to F\, F, respectively under
the isomorphism (57). Suppose that Fl(l) = F2(1). Then there exists an irreducible constituent
IT; € Ri(N) of the representation of GSp,,,(A) generated by ¢1, and an irreducible constituent
II; € Ri(N) of the representation of GSp,,, (A) generated by ¢2 such that I1; ~ IIs.

Proof. For i = 1,2, let 0; be the representation of GSp,,,(A) generated by ¢;. By assumption,
P1lsp,, (4) = P2lsp,, (a)- It follows that the restrictions to Spy,(A) of o1 and o3 have a common
non-zero quotient. So for some irreducible constituents Ily, Ils of o1, o9 respectively, there exists
an irreducible cuspidal automorphic representation of Sp,, (A) that occurs as an automorphic
restriction (in the sense of [11, §5.1]) of both II; and IIy . Hence using [11, Lemma 5.1.1] we see
that II7 ~ Il5. [

Let K}, (N) be the subgroup of elements g € GSp,,,(Z) such that g = [I" aln] (mod N) for

some a € Z. Given any F in Vi, let the adelization ®r be the function on GSp,, (A) defined
as

Or(g) = det(J(goo, i1n)) " F(goo(iln)),
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where we write any element g € GSp,,,(A) as

g = Ag@gookﬁ g@ € GSpZn(Q)) Joo S Sp2n(R)7 kf € Kén(N)7 )‘ € Z(R)+

It is clear then that ¢r € Agsp,, (a)(K3,(IN); pr, L(k))°. One has the following commutative
diagram.

Acsp,, (1) (K2 (N); i, LK) ———— @1<axn Np(Tan(N); L(k))°

o (Fa  (a,N)=1
LT TFH(F,F,...,F) (59)
e
Ay ) (K3 (V) e OOV =0 NiCan(N)S L)) = Vi

In the above diagram, the top row coincides with the bottom row of (58), and the map ¢
is the inclusion. Prima facie, the bottom isomorphism in (59) appears to give a cleaner way
to go back and forth between classical and adelic forms than the top one; however there is
one major disadvantage. Namely, every automorphic representation Il € Ry (N) is generated
by some element in Agsp, (a)(K2n(NV); px, L(k))® but the same is not known to be true for
Acsp,, (8) (K3, (N); pr, L(k))° (unless n < 2 in which case the latter assertion can be proved
identically to [27, Theorem 2]). In other words, we do not know whether every representation
in Rk (V) is generated via the adelization process. Nonetheless, we will soon observe (see next
lemma) that for each II € Ry (), some representative IT' € [II] is generated by an element of
Acsp,, (4) (K, (N); pr, L(k))°, and hence obtained via adelization.

For each F' € Vv, let IIr denote the representation of GSp,,(A) generated by ¢p. Clearly
II is a finite direct sum of irreducible cuspidal automorphic representations. We now make the
following definition. Given a class [II] € Ry(IN), we let VN x([II]) be the space generated by all
F € Vnx with the property that each irreducible constituent of IIp belongs to [II]. We define
Sk (T2n(IN); [II]) similarly. It is clear that Vi k([II]) = Dk (Sk(I2n(N); [I1])). We have direct sum
decompositions

V= @ Vwx([) (60)
[MERK(N)
Sk(T2n(N)) = @ Sk(T2n (N); [11])
[MERK(N)

into a sum of orthogonal subspaces with respect to the Petersson inner product.

4.2 Lemma. Let IT € Ri(N).

1. There exists ' € V) such that Ilp is irreducible and satisfies I1p ~ 1I. In particular,

Vv ([11]) # {0}

2. The space Vi x([I]) has a basis consisting of forms F' as above.

Proof. Let ¢ € Agsp,, (a)(EK2n(N); pr, L(k))® be such that ¢ generates II. Let F' = Fqil). Using
Lemma 4.1, we see that some irreducible constituent of IIp lies inside [IT]. Letting F' be the
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projection of F’ onto this constituent, we see that IIp ~ II. This proves the first assertion. The
second assertion is immediate from the definitions. [

Let [I] € Ry(N). By Theorem 4.2.3 of [2] (see also the proof of Theorem 3.13 of [27]), it
follows that
F € Sx(T2,(N); [I]) = 9F € Sk(Ta,(N); 7 [I1]).

Using the Aut(C)-equivariance of the Dy map given by Proposition 3.20 (see also (58)) we obtain
FeVyx(ll]) = 7F € Vyx(°[1]). (61)

In particular, the space Vi k([I1]) is preserved under the action of the group Aut(C/Q([II])).
Using Lemma 3.17 of [27], it follows that the space Viy k([II]) has a basis consisting of forms whose
Fourier coefficients are in Q([IT]). We note also that given any irreducible cuspidal automorphic
representation IT of GSpy,,(A) such that I, ~ L(k), there exists NV such that II € Ry(N), and
consequently, using Lemma 4.2 we have Vi« ([II]) # {0}.

4.3 Eisenstein series

ln 000

0 IO f ] embedded diagonally in [], . Sp4,(Zy), and for any
In =1, 0 0
reLx = Hp<oo p let Qr = [ Tl2n I%}Q[Till% Izn}' Note that Q = Q1. Given a positive
integer N' = [[, p™», and a primitive Dirichlet character x satisfying cond(x) | N and xoo = sgn”,
we define the Eisenstein series EX \(Z, s; Q) and EX \(Z, s;Q;) for each 7 s € C as in [25, (117)]
(see also Section 2.3 of [23]).

Let 0 < mg < g ”‘H , and if 2 = 1 assume that mq 7& 2 ”—‘H By Proposition 6.6 of [25]
we have that

Define the element @ = [

EXn([# 2], =m0i Qr) € Nu(Tan(N)) @ Ni(Tan(V)): (62)

furthermore, for mg as above and o € Aut(C) we have by Proposition 6.8 of [25],
7 (72BN (7, ~m0i Q) = 7w BN (2, —mo; Q). (63)

where 7 € Z* is the element corresponding to ¢ via the natural map Aut(C) — Gal(Q,p,/Q) ~
Al

For [II] € Ry(N), an integer r satisfying 1 < r < k, —n, r+n—k = 0 (mod 2), and a
primitive Dirichlet character x satisfying cond(x) | N, xoo = sgn®, r = 1 = x2 # 1, define

n(r4+n— n—k‘—l—r
G%,N(Zl’ZQ’TQQT) =t k)E;c(,N([Zl ZQ] 7aQr) (64)

D2 EN (r TR x) A (r — 1) [ 1, n vol(T'2n (p™))

vol(Spg,, (Z)\Spyy, (R)) LN (r 4 1, x) [Tj—y LN (2r + 25 — 2,x?)’
(65)

CN([H]) X ’I”) = Z'nkﬂ-n(T%*nfk)

" As usual, the Eisenstein series is given by an absolutely convergent series for Re(s) sufficiently large, and by
analytic continuation outside that region.
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where the rational number Ay (r — 1) is defined in [25, (106)]. Note that Cn([I], x,7) depends
only on the class [IT]. Given any G € Vy k([II]), Corollary 6.5 of [25] tells us that

(Grn(=22,11Q7), G) = x(7) "Cn([IT], x,7) G(Z2). (66)

We complement this with the following lemma which considers the inner product in the other
variable.

4.3 Lemma. Let k, N, x,r, 7 be as above. For each G € Vi x([Il]), there exists H € Vi k([I1])
such that )

<G§,N(Z17_7T;QT), G> = H(Zl). (67)
Proof. Let ¢ denote the adelization of G. We may assume without loss of generality that ¢

generates an irreducible representation II" € [II]. Define the function H as in the lemma. Clearly,

H € Ni(T2,(N)) and H(Zs) = H(—Z5). Using a standard adelic-to-classical translation (see
Theorems 6.1 and 6.6 of [25]), the lemma will follow if we can show that

E((h,g), 5, F97)6(g) dg € Vi (68)
SPan (F)\ 9-Spay, (A)
where E((h, g), s, f(97)) is defined as in Section 6.1 of [25]. However (68) follows immediately

from Theorem 3.6 of [25] and the observation that E((h,g), s, f(97)) = E((g,h), s, f') for some
suitable section f’ obtained by right-translation of f. [

We can now prove the following result.

4.4 Lemma. Let k, N, x,r,7 be as above. For each [II'] in ﬁk(N), let By be an orthogonal
basis of Viy x([I']). Let W x denote the orthogonal complement of Vi x in Ni(T'2,(N)) and let
Cnx be a basis of Wy x. Then there exists complex numbers o, i, such that

Gyn(Z1,Z2,7;Qr) =x(7) 7" Z Cn ([T, x, 7) Z G(Z1)G(Z2)

— G,G
[II]€Rk(N) GEB ) < ) (69)
+ Z a1, H1(Z21)H2(Z2).
Hy,H2€Cpn
Proof. Note that By = U[H/]eﬁk(N) By is an orthogonal basis of V. Let %N,k be the

set obtained by replacing each element G of By by the element G; then using the identity

(Fy, F) = (F}, F»), we see that %Mk is also an orthogonal basis of Vy k. So By UCyk and

Bk UCnx are both bases of Ni(I'2,(INV)). From (62) and (66) we obtain an expression of the
form

-n G(Z1)G(Z
Gin(Z1,25,mQr) =x(1)™" 3 On([W]xr) Y (<c1:)a(>2)
[H/}Eﬁk(N) GE%[H/] ’
+ Y amcHi(Z1)Ga(Z) )
HlGCN,k
G2E%N,k

+ Z am, mHi1(Z1)Ha(Zs).
Hy,H2€Cp x
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Now using Lemma 4.3 we see that each ap, g, = 0. L]

4.5 Remark. Ifn+2 <r, then by the results of [23] we have that G\ \,(Z1, Z2,7; Q) is cuspidal
in each of the variables Z1, Z5.

4.4 Algebraicity of critical L-values

4.6 Proposition. Let II € Ry (N), x a primitive Dirichlet character such that cond(x) | N and
Xoo = sgn®, and F € Vi x([I1]) be such that the Fourier coefficients of F' lie in a CM field. Let r
be an integer such that 1 <r < k, —n, r = k, —n (mod 2); if r = 1 assume that x?> # 1. Then
for any o € Aut(C), we have

GOY"Cn (M), x,r)\ _ GOX)"Cn (P[], 7, 7)

<F’ F) <0’F’ UF) )

where Cn ([I1], x, ) is defined in (65).
Proof. The proof follows the method® of the lemma in [5, Appendix]. For each [IT'] in Ry(N),
we pick an orthogonal basis B of Vv k([II']) such that By includes F' and Bory includes
°F. We can do this thanks to (61). Let Wy denote the orthogonal complement of Vy k in
Ni(I'2,(N)) and let Cyx be a basis of Wiy k.

We now use Lemma 4.4 to express G} \(Z1, Z,7;Q) in two different ways. First, using
(63) and Lemma 4.4 we obtain

UG?;?N(ZLZ?’T; Q) :GZ(N(ZL Zo,1;Qr)
=X(r)™" Y COn([Ix ) Y G(21)G(22)

G,G
[T €Rx(N) clmy, (GG (71)
T Z a}‘Il,HQHl(Zl)HQ(ZQ)-

HlyHQGCNYk

for some O‘}h, 1, € C. On the other hand, by letting o act on each term of the expression for
G%}N(ZI, Zo,1;Q) = G;&N(Zl, Zs,7;Q1) in the expression given by Lemma 4.4, we obtain

N2 L) = 3 o(COn( ) Y (m
[I']ERx(N) GEBy > )
+ Z /BHLHQJHI(ZI)UHQ(ZQ).

Hy,H2eCpn

for some Sy, u, € C.
We now evaluate L := (G} y(—,Z2,7;Q), °F) in two ways. On the one hand, using
(71), and recalling that °F' is an element of Boq) and that °F is orthogonal to all elements in

<U[Hl]€7€k(]\7) iB[ry]) UCN,k> we get
(I1] (]
L = x(r) " Cn ("], °x. 7)7F (Z2) = °x(7) ™" O ("N, °x, 1) F (Z) (73)

8We are grateful to the referee for encouraging us to take a closer look at [5, Appendix].
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where the second equality uses our hypothesis that the Fourier coefficients of F' belong in a CM
field. On the one hand, using (72), we get

L= , Z a(Cn (I, x, 7)) Gz%: WUG(%)
[II]€Rk(N) aiud (74)
+ > Buym,("Hy,OF) Hy(Zs).

Hy,H2eCn x

We now make the obvious but crucial observation that the elements of the set ®B Nk UPCN K
are linearly independent. So by comparing the coefficients of “F'(Z2) in (73) and (74) together
with the well known fact o(G(x)") = x(7")G(%x)", we obtain the desired equality. "

In the following theorem, we will obtain an algebraicity result for the special values L° (r, IIK
X) at all the critical points 7 in the right half plane.

4.7 Theorem. Let k1 > ko > ... > k, > n+ 1 be integers where all k; have the same parity.
Let II be an irreducible cuspidal automorphic representation of GSp,,(A) such that Il is the
holomorphic discrete series representation with highest weight (ki, ko, ..., ky). Let S be a finite
set of places of Q including oo such that II, is unramified for all primes p ¢ S. Let F be a
nearly holomorphic cusp form of scalar weight ki (with respect to some congruence subgroup)
whose Fourier coefficients lie in a CM field, such that any irreducible constituent llp = ®,11x,
of the automorphic representation generated by (the adelization) ®p satisfies I1p o ~ Il and
g, ~ II, for p ¢ S. Let x be a Dirichlet character such that Xoc = sgn®! and let r be an
integer such that 1 <r < k, —n, r = k, —n (mod 2); if r = 1 assume that x> # 1. Then for
o € Aut(C), we have

< LS(r, IR y) ) L5 (r, "I X %)

ik1 Wnk1+m'+rG(X)n+1 <F, F> = ik 7Tnk1+nr+rG(0X)"+1 <‘7F, UF> . (75)

Proof. We fix an integer N divisible by all primes in S such that cond(x) | N and F' € Vy y([I]).
By Proposition 4.6,

o | G(x)"LN(r, IR y)
b= LN (r o x) TG DY (2r + 2] = 2032)(E F)
G ()" LN (r, I1 K %)

(76)
)
w =T LN (4, ox) [T1y LN (2r +2j — 2,%3)(°F, °F)

— Z-nkl

If p is a prime such that p ¢ S, then it is clear from the definition of local L-factors that

L(r, 11, X x;) _ L(r, I, X %xp) e
L(r +mn,xp) [T}=1 L(2r + 25 — 2,x3) L(r +n, %) [ 17—y L(2r +2j — 2,%%})
Combining (76) and (77) we get
. G(x)"L®(r, 11X x)
glki=r=n) [S(y 4 n, x) [T5=) L5(2r + 25 — 2,X?)(F, F) 78)

G(UX)nLS (’I”, TIX O’X)
an=r=m LS (r +m, o) [T L(2r + 25 — 2,9%)(°F, °F)

_ Z'nk1
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For a Dirichlet character 1) and a positive integer ¢ satisfying 1o, = sgn’, we have by [29,

Lemma 5]) ) .
L (t,?j)) _ L (ta %)

7 <(m')tG(¢)> - (i) G () (79)

Plugging (79) (for 1) = x and ¢ = x?) into (78), we obtain (75). .

4.8 Remark. One can choose F' in Theorem 4.7 such that its Fourier coefficients lie in Q([II])
(see the last paragraph of Section 4.2). For such an F, Theorem 4.7 implies that

L5(r,TX x)
sk k1 +nr+7’G(X)n+1 <F, F>
Proof of Corollary 1.3. This follows immediately from Theorem 4.7, and the fact that the

Gauss sums G(x) are algebraic numbers. In fact, using the algebraic properties of Gauss sums
(see Lemma 8 of [29]), one observes that the quantity in (2) lies in the CM field given by

QM) Q(x)Q(e™mi ), where y = X1¥3.

€ Q(MHQ(x)-
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